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Abstract 



e u t r i n o properties can play a crucial role in determining the matter-antimatter 
asymmetry of the universe if thermal leptogenesis is the correct solution to the 



i M baryogenesis problem. Owing to this, the study of neutrino models goes beyond 
the mere purpose of generating tiny neutrino masses, and it is natural to incorporate the 
puzzle of the cosmic baryon asymmetry. To this end, we have investigated several different 
extensions of the neutrino model based on the type I seesaw mechanism with particular 
emphasis on their leptogenesis implications. 

In the first part of our work, we present a thorough analysis, in the leptogenesis context, 
of constrained neutrino models which have an abelian family symmetry and one extra Higgs 
singlet. The general result is that although these models contain less free parameters than 
the default type I seesaw setup, they do not hinder the possibility of successful leptogenesis 
in both the one- flavor approximation and when flavor effects are included. In fact, we 
have discovered that they do not modify or provide significant constraints on the typical 
leptogenesis scenario with hierarchical heavy right-handed neutrinos. 

We then explore how the seesaw sector in neutrino mass models may be constrained 
through symmetries to be completely determined in terms of low-energy mass, mixing angle 
and CP violating phase observables, with the subsequent aim to study their leptogenesis 
implications. The key ingredient in achieving this connection between the two distinct 
energy sectors is to simultaneously employ intra- and inter-flavor symmetries so that the 
neutrino Dirac mass matrix is only given in terms of the charged-lepton or quark mass 
matrices while all relevant diagonalization matrices can be fully predicted by the theory. 
We have built illustrative models to demonstrate this and shown that leptogenesis can 
succeed in small regions of parameter space for the case where the neutrino Dirac and up- 
quark mass matrix are identical. Also, it has been found that when the neutrino Dirac mass 
matrix is equal to its charged-lepton counterpart, TeV scale heavy neutrinos are possible 
although it is unlikely that they can be detected in colliders. 

Finally, we present a new leptogenesis scenario, where the lepton asymmetry is gener- 
ated by CP violating decays of heavy right-handed neutrinos via electromagnetic dipole 
moment couplings to the ordinary light neutrinos. Akin to the usual scenario where the 
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decays are mediated through Yukawa interactions, we have shown, by exphcit calculations, 
that the desired asymmetry can be produced through the interference of the corresponding 
tree-level and one-loop decay amplitudes involving the effective dipole moment operators. 
Furthermore, we find that the relationship of the leptogenesis scale to the light neutrino 
masses is similar to that for the standard Yukawa-mediated mechanism. 
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Preface 



The work presented here comprises of five main chapters (excluding auxihary materials 
such as bibliography and appendices): 

Chapter [T] is an original literature review on the various topics relating to neutrino prop- 
erties, baryon asymmetry of the universe and thermal leptogenesis; 

Chapter [2l [3] and [4] are based on the work presented in Publications 1, 3 and 2 (see 
page I157P respectively. They were done in collaboration with N. F. Bell (Chapter H]), 
X. G. He (Chapter ED, B. J. Kayser (Chapter HD and R. R. Volkas (Chapter [2] and [3]). 
Most of the initial ideas for these investigations are due to N. F. Bell (Chapter H]) and 
R. R. Volkas (Chapter [2] and [3|). But, all subsequent analyses and methods of presentation 
are my own work with the exceptions of Sec. 13.4.41 where X. G. He has made a significant 
contribution, and the proof in Sec. 14.3.1] which is due to B. J. Kayser; 
Chapter [5] is the conclusion. 
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Introduction 



u r quest to understand how the universe works at the most fundamental levels 
has been the impetus behind the constant experimental and theoretical efforts in 



various fields of physics. Over time, there have been many important breakthroughs, 
but just as many (if not more) puzzling questions remain. Amongst the most intriguing 
of these is the origin of matter — the substance which almost everything we see today is 
made of. Indeed, the standard hot Big Bang model does not discriminate between matter 
and antimatter as far as their primordial evolution is concerned. Therefore, in order to 
produce the abundance of matter we observe today, other mechanisms must have been at 
play in the early universe such that the expected catastrophic annihilation between matter 
and antimatter was avoided. 

In the pursuit of a satisfactory answer for this phenomenon, it is immediately clear that 
high energy physics will play an essential role since the primordial environment created soon 
after the Big Bang was very hot and dense. But similar to its cosmological counterpart, 
the Standard Model of Particle Physics (denoted SM throughout) is incomplete despite the 
enormous success it has enjoyed over the past decades. The first evidence of physics beyond 
the SM is the observation of neutrino oscillations. Its utmost importance is certainly not 
restricted to within the realm of precision particle physics, and as we shall explain in the 
sections to come, far-reaching implications for the cosmological evolution of matter and 
antimatter can result in certain scenarios. 

As a consequence of this potential connection, the studies of neutrino properties and 
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interactions contain added significance. From the theoretical standpoint, this interplay will 
inevitably lead to constraints in neutrino model building. It is therefore the aim of this 
work to explore several classes of neutrino models and their possible implications for the 
origin of matter. 

To elucidate all these ideas and build the background for the chapters to come, we 
begin by briefly reviewing the relevant topics on the theory of neutrinos and cosmic baryon 
asymmetry generation. 

1 . 1 The phenomenon of neutrino oscillations 

1.1.1 Experimental evidence 

The first real indication of the neutrino oscillation phenomenon (i.e. neutrinos can change 
flavor as they propagate) emerged as early as 1967 when Davis and his collaborators con- 
ducted experiments to measure the electron neutrino flux produced from the Sun using a 
chlorine detector [u^ + '^^Cl — > e~ + ^^Ar) in the Homestake mine (South Dakota) [1] and 
found that there was a noticeable deficit in the observed value compared to that predicted 
by the standard solar model [2]. But at that time the oscillation hypothesis was not taken 
seriously for it required a very large mixing angle to work, which seemed at odds with the 
tiny quark mixing. It was not until many years later (in the period 1989 to 1996) that 
Kamiokande (Kamioka Nucleon Decay Experiment, in Japan) provided new experimental 
data to strengthen the case for solar i^g disappearance. They employed water Cerenkov 
techniques to investigate elastic scattering events {ue~ ve~) and discovered that the 
measured flux was only about 55% of the expected size [3,4]. Later, in 2001, these findings 
were consolidated in the much larger 50,000 ton experiment of Super-Kamiokande (about 
15 times bigger than Kamiokande) [5]. 

It should be noted that the Kamiokande experiments were only sensitive to the higher 
energy solar neutrinos (above 5 MeV), in contrast to those targeted by Davis et al. 
which included lower energy ^Be neutrinos. Hence, complementary experiments using 
radiochemical method with gallium (i/g + ^^Ga ^ e~ + ^^Ge) to target the lowest energy 
neutrinos from p + p nuclear reaction (as well as ^Be neutrinos) were conducted by the 
Gallex/GNO [6] and later the SAGE collaborations [7]. Both experiments detected a deficit 
in the solar neutrino flux, and importantly, their results were also consistent with the idea 
of matter enhanced neutrino oscillations [8]. 

Further improvement to the solar neutrino analysis was achieved when the SNO (Sud- 
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bury Neutrino Observatory, Canada) experiment managed to make reliable measurements 
of the total solar neutrino flux using a heavy water (D2O) detector to look for both charged- 
current induced + d ^ e~ + p + p) and neutral-current induced [u + d^v+p + n) 
reactions [9], where d denotes deuteron. This result provided conclusive evidence for solar 
neutrino oscillation and confirmed the hypothesis at a significant 3.3(7 level. Other experi- 
ments such as KamLAND (in Japan), a long-baseline (source-detector distance ~ 180 km) 
reactor experiment [10] looking for disappearance of z7e, and Borexino (in Italy), a real 
time scintillator based ^Be low energy neutrino experiment [11] also played an important 
role in authenticating the oscillation picture for solar neutrinos. 

An independent set of (perhaps more) compelling experimental evidence for neutrino 
oscillations came from the studies of atmospheric neutrinos. When primary cosmic rays 
(usually high energy protons) collide with nuclei in the upper atmosphere, a shower of 
hadrons, mostly pions (and some kaons) are created. These pions then undergo a chain of 
reactions (e.g. vr" ^V^fi" — > V^Uf^Me^") producing muon and electron fluxes that can 
be measured. As early as the 1980s, two groups, the 1MB (Irvine-Michigan-Brookhaven) 
collaboration [12] and Kamiokande [13] had found a significant deficit in the muon neutrino 
flux that was too big to be ascribed to statistical errors. This opened up the interpreta- 
tion that ^ Vr oscillation might be at play. Motivated by their initial results, the 
Kamiokande group expanded their investigation, and in 1998, Super-Kamiokande reported 
a i^fx-i'e ratio and asymmetry in the zenith angle distribution of ;U-type events that were 
very much consistent with the atmospheric neutrino oscillation picture [14]. More recently, 
experiments with accelerator i^^'s such as K2K in Japan [15] and MINOS in USA [16] have 
further confirmed this interpretation. 

1.1.2 Theoretical formulation 

The experimental observation that neutrinos can oscillate from one flavor to another as 
they propagate is the strongest indication (barring some by now strongly disfavored exotic 
possibilities) for nonzero neutrino masses and mixing. To see this, consider the case of 
three neutrino species. We define the neutrino weak eigenstate Ua with flavor a (where 
a = e, fi, or r) such that it is produced in association with the charged antilepton Ja in 
a tree-level interaction with the W boson. These weak eigenstates are in general different 
from the neutrino mass eigenstates (with i = 1,2, and 3), each having a (rest) mass 
given by mj. One can relate the weak and mass eigenstates via a unitary transformatioij^ , 



^Unitarity will guarantee that charged-current interactions of Va always produce a charged lepton with 
the same flavor a. 
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and write coherent superposition of the Vi fields: 



(1.1) 



where the nine quantities Uai make up the unitary matrix of basis transformation. The 
meaning of leptonic mixing can therefore be understood as the fact that in a charged- 
current interaction, the neutrino mass eigenstate which accompanies the production of (or 
otherwise involves) la may not always be the same Vi. 

When we are working in the charged lepton mass eigenbasis, this unitary matrix is the 
leptonic mixing matrix, also known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) 
matrix [17], which is often parametrized as 



PMNS 



C12C13 



S12C13 



-S12C23 - C12S23S13 e"^ C12C23 - S12S23S13 e*"^ 



\-s12S23 + C12C23S13 e**^ C12S23 + S12C23S13 e 



i<5 



S23C13 



e*°2/2 



V 







1/ 

(1.2) 



cos^n, b is the CP violating Dirac phase, while a\ and 



where Smn = sin 9mn,Cm 

denote the two Majorana phases q 

To quantify the phenomenon of a neutrino changing from flavor-a to flavor-/? as it 
propagates in vacuum we are interested in the probability with which this happens, 
i.e. Pr (z^Q — > 1^/3), a quantity that depends on how the {va) state in (jl.ip evolves with 
time. Because Ua is a superposition of the mass eigenfields whose quantum mechanical 
evolution may be different, we must solve each |fj(t)) state individually and then coherently 
sum them up. Working in the rest frame of Ui, the state vector at the proper time Tj will 
satisfy the Schrodinger equation: 



d 

OTi 



(1.3) 



The solution to Eq. p.3p is simply given by: 



-irriiTi 



MO)) 



(1.4) 



where 11^1(0)) is the original state before propagation. By Lorentz invariance, we can express 



^Neutrinos can be Majorana particles. 

^In this discussion, we will ignore neutrino oscillations in matter (the MSW effect) [8]. 
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rriiTi in terms of laboratory variables: 

ruiTi = Eit - \pi\ L , (1.5) 

where Ei and \pi\ are respectively, the energy and momentum of the Ui component of the 
neutrino, while L and t are the source-detector distance and the time it takes to traverse 
L, . .n the W.a.eB F„. nen.in„ bea^s n.ed .n experiments, . ca. be 

shown that only components of the beam with the same energy will contribute coherently 
to the oscillation signal [18]. Therefore, we can replace Ei with E, and momentum \pi\ is 
now given by 

\p,\ = ^E^-m^ ^ E-^, (1.6) 

where in the last step, we have assumed rrij <C E. With this approximation for \pi\ and 
applying relation (II. Sp . solution (|1.4p becomes 

^ ^-iE{t-L) ^-imjL/2E j^^^q^^ _ ^^j^ 

Since the phase factor g-^^i^-^) jg j^j^g game for all i, it may be neglected in (II. 7|) . Thus, 
the amplitude for a neutrino i/q of energy E changing to up after propagating a distance 
L through vacuum is 

M^„)=.5^C/^e--?^/2^C/^.. (1.8) 

i 

Squaring p.8|) and after some algebra, we deduce the corresponding probability as: 
Pr{ua Ufs) = \ {u(3Wa)\'^ = 5a/3 - 4 ^ Re {U*iUf3iUajU*pj) sin^ 

i>j 

+ 2Y, lm{UliUp^U^,U*p^) sin 

where Am^^- = m? — . 

From this result, it is quite clear that when all neutrino masses mj's are zero (or 
nonzero but degenerate) and hence, the second and third term in Eq. (|1.9p disappear, 
neutrino oscillation is not possible. By the same token, the observation that Ve and do 
change flavor during propagation implies that (at least two of) z^i's must be massive. 



AE 



Amfj L 
2E 



(1.9) 



■^In practice, t is not measured. 
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1.1.3 Oscillation parameters 

One can combine the plethora of neutrino oscillation data gathered to date from the various 
solar, atmospheric, reactor and accelerator experiments (see Sec. 11.1. ip and place con- 
straints on the relevant parameters shown on the right-hand side (RHS) of Eq. (11.9(1 . For 
the three- flavor neutrino oscillation picture and invoking the parametrisation of (11.21) . one 
can see that variables that are potentially relevant in controlling the effects of oscillation 
are the three mixing angles (6*12, 6*23 and 6*13), the CP violating Dirac phase {5), the two 
Majorana phases (ai and 02), and two squared-mass differences (e.g. /S.m'21 and Amg^^). 

It turns out that oscillation probabilities are insensitive to the Majorana phases while 
the null result from the short-baseline {L ~ 1km) reactor experiment CHOOZ (in Prance) 
[21] y suggests that 6*13 must be quite small, consequently making the observation of the 
Dirac phase rather difficult. The reason for this latter point is that in (II. 2p . the Dirac 
phase always appears as the combination: sin ^13 e"*'', which means a sufficiently small 6*13 
can always mask any CP violating effects 0. 

Overall, neutrino experiments have so far determined that there are two large (^12, ^23) 



and one small (^13) mixing angles as well as, a "small" (Amg^j) and a "large" (Am^^jjj) 
squared-mass differences which drive the solar and atmospheric neutrino oscillations re- 
spectively. Because the sign of Am^^jjj is not known, two arrangements for the neutrino 
mass spectrum are possible: with normal hierarchy, we identify Am^^j^ = Am|]^ > 0, 
which gives mi < m2 < ms with 



m2 = y mf + Am^^i , = ^ mf + Ami^^ , (1.10) 

and for inverted hierarchy, we take Am^^j^^ = < instead, implying < mi < m2 

with 



mi = ^ ml + Aml^^ - Am^^^ , m2 = ^mf + Am^^j . (1.11) 

Note that in both cases, we have used Amg^j = Am^]^ > (as implied by the matter- 
affected solar neutrino oscillations). The best-fit values at la error level for these neutrino 



^Here, we shall ignore the LSND anomaly [19] because an oscillation explanation has been ruled out by 
MiniBooNE [20]. 

^This experiment looked for the disappearance of I'e at -B ~ 3 GeV, which is sensitive to the large 
squared-mass gap Am|i , thus allowing the properties of 1/3 to be probed. 

'^It must be emphasized that the choice of associating 613 with 5 in the parametrization of l|1.2p is not 
vital to our conclusion here. As long as there is at least one mixing angle which is very small, one can 
always re-phase the mixing matrix so that 5 is associated with the term containing the small angle. Our 
choice of parametrization is naturally motivated by the CHOOZ result which indicates a tiny 813 . 

*This is in stark contrast to the quark sector where the CKM matrix [22] has three small mixing angles. 
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oscillation parameters in the three-flavor framework are summarised as follows [23]: 

sin^ 012 = 0.304l0;022 , sin^ 623 = 0.50^°;°^ , sin^ 6,^ < 0.011°;°}? , (1.12) 
Ami, = 7.65t0;23 x lO^^ eV^ , \AmlJ = 2A0tlil x 10-^ eV^ . (1.13) 

In this work, we shall take these values as standard inputs for many of our analyses. 

1.1.4 Tribimaximal mixing 

An interesting observation from the best-fit parameter values shown in (|1.12j) is that 623 
and correspond to almost maximal and no mixing respectively. This prompts the 
question as to whether Nature selects these extreme values at random or there is a more 
profound reason. If one assumes that the maximal and no mixing is exact (i.e. 823 = tt/4 
and 013 = 0), then up to the Majorana phases, the mixing matrix (|1.2p becomes 



BL 



COS 612 


sin 6*12 


\ 


sin 6*12 


cos 012 


1 


V2 


V2 


V2 




cos 012 




V2 


V2 


"72/ 



(1.14) 



which is often referred to as "bi-large" mixing. A particularly beautiful aspect of Ubl is 
that any neutrino mass matrix in the flavor (i.e. weak interaction) basis which has a fi-T 
symmetry can be diagonalised by it if one chooses 612 carefully. Moreover, it can be 
shown that the specific value needed for 612 to diagonalise these types of mass matrices is 
independent of the mass eigenvalues. This suggests that for certain neutrino mass matrix 
structures, mixing angles and masses are not necessarily interconnected even though both of 
them are related to the same source. In fact, this feature is quite common for mass matrices 
in models with an underlying flavor symmetry (or family symmetry 1^). The class of mass 
matrices which has a diagonalisation matrix that is independent of any of the parameters 
in the original matrix or its eigenvalues has been dubbed "form-diagonalisable" [24]. We 
shall make use of this idea quite often in our neutrino model building in the chapters to 
come. 

Another important mixing structure which is related to Ubl is the so-called "tribimax- 
imal" mixing scheme [25]. Noting that the best-fit value for 612 is very well approximated 
by the relation: sin^ 612 = 1/3, we substitute it into Ubl and the result is the tribimaximal 



^In other words, exchanging the fj, and r columns followed by the fi and r rows will leave the mass 
matrix unchanged. 

^"We shall use both terms interchangeably through out this work. 
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mixing matrix 



( .[i -L \ 
V 3 " 



C/tb 



1 1 1 

V& Vz 



(1.15) 



This neutrino mixing structure has attracted ample attention over the years with many 
model builders attempting to reconstruct it via symmetries and auxiliary fields. Most no- 
table examples are models with discrete (e.g. A4, A27) and continuous (e.g. S0{?>), SU{3)) 
family symmetries. Some recent examples can be found in [26,27]. It should be noted 
though that many of these are often quite intricate and require additional constraints or 
a non-trivial Higgs sector for them to be viable, further highlighting the difficulties in 
explaining the peculiar mixing pattern of neutrinos. 

Nevertheless, the tribimaximal structure itself presents a relatively simple manifestation 
of the neutrino mixing matrix that is more or less consistent with current experimental 
bounds. In the light of this, it is theoretically appealing to take C/tb (with or without the 
Majorana phases) as the starting point in any model building or analyses involving the 
neutrino mass matrix. Our work here in the future chapters will be no exception. 



1.2.1 Absolute scale for neutrino masses 

Because oscillation experiments have strongly indicated that at least some neutrinos must 
be massive, it is natural to ask the scale at which these masses are situated. In the 
discussion of oscillation parameters in Sec. 11.1.31 we have learnt that those experiments can 
help us determine the splitting between the neutrino mass eigenstates, leading to Eqs. (jl.lOp 
and (jl.lip . However, it is clear that those relations do not tell us the overall scale of 
masses, and therefore other methods must be used to probe for a better understanding of 
the neutrino mass spectrum. 

One way to obtain meaningful bounds on the absolute scale for the neutrinos is to look 
for kinematic effects due to their nonzero masses in tritium /3-decay ('^H — > ^He-|-I7e-|-e~). 
By studying the resultant electron energy spectrum, one can probe the quantity: 



1 .2 The case of massive neutrinos 




(1.16) 



^^Tri-maximal and bi-maximal mixing in the 2nd and 3rd columns respectively. 
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The value of this then gives an upper hmit on the absolute neutrino mass scale. Two groups, 
Mainz [28] and Troitsk [29], have reported bounds of rrii, < 2.3 eV and tjIj^ < 2.5 eV 
respectively. An upcoming experiment, KATRIN [30], is expected to have a sensitivity 
down to about 0.3 eV, which will further narrow down the scale of the neutrino spectrum. 
It should be remarked that whether neutrinos are of Dirac or Majorana type [Ij has no 
bearing on the capability of this method of "directly" searching for their masses. 

Another possible way to probe the neutrino mass scale is via studies of lepton number 
(L) violating neutrinoless double /3-decay [Nucl] — > [Nucl'] + 2e~), whose observa- 
tion would imply that neutrinos are Majorana fermions [31]. Assuming that there are no 
new L violating interactions at play, one can conclude that the amplitude for this decay is 
proportional to the so-called effective Majorana neutrino mass: 



EC. 

i=l 



(1.17) 



Several groups such as the Heidelberg-Moscow [32] and IGEX [33] collaborations conducted 
experiments with ''^Ge, while the more recent CUORICINO experiment [34] used ^^°Te to 
test for this. So far there are no confirmed discoveries of the neutrinoless double /3-decayl^^l. 
but the best upper bounds on the decay lifetimes are presently provided by CUORICINO 
(which is still running), whose results are translated to[ll 

rriu = mpp < 0.19 - 0.68 eV (90% C.L.) , (1.18) 

for the neutrino mass. Relation p.l8|) is a much tighter bound than the one obtained from 
tritium /?-decay. Upcoming experiments like CUORE [37], GERDA [38] and Majorana [39] 
are expected to further improve these results with projected sensitivity of about 0.05 eV. 

Neutrino masses from cosmology 

Finally, it must be mentioned that some of the strongest bounds on the overall scale 
for neutrino masses come from cosmology. This is one of the important examples that 
illustrates the intricate connections between neutrino physics and the evolution of the 
early universe. During the epoch of structure formation, free-streaming neutrinos with 
a sizable mass can have significant effects on the growth of structure and hence on the 



^^See the next two subsections for more discussions on Dirac and Majorana neutrinos. 
^^There is actually a claim by a subset of the Heidelberg-Moscow group that neutrinoless double /3-decay 
was observed [35]. For a more thorough discussion on this controversial finding, see [36]. 
^■^The large range is due to the uncertainty in the nuclear matrix elements. 
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eventual galaxy power spectrum. Therefore, an accurate measurement of it can help set 
limits on the neutrino mass scale given the standard theory of structure formation. The 
studies of the data from the Wilkinson Microwave Anisotropy Probe (WMAP) and the 
Sloan Digital Sky Survey (SDSS) have deduced that the sum of neutrino masses (three 
species assumed) is constrained by Yli ^ 0-6 [40] and 1.6 eV [41] respectively at a 
confidence level of about 95%. Since the observed squared-mass splittings (Am^^j, Am^^j^^) 
imply that |mj — mj\ <^ O (0.1) eV for all i and j, taking |mi| < 0.6 gives an absolute 
upper bound for each individual neutrino mass of about 

\mi\ < 0.2 eV (95% C.L.) for all i . (1.19) 

This estimation is similar to the least upper bound imposed by the CUORICINO experi- 
ment, which further confirms that the absolute neutrino mass scale must be in the sub-eV 
range. 

The immediate impact of these findings is that it raises the question as to why the 
neutrino is so light compared to other SM particles (e.g. m^/mg ~ 10~®), an issue we will 
return to in Sees. I1.2r3] to 11.2.31 

1.2.2 Neutrino mass terms 

The minimal Standard Model (SM) does not include neutrino masses. But as we have 
discussed, the existence of massive neutrinos is the most natural explanation for the oscil- 
lation experiments. Therefore, it is imperative to modify the SM to include this fact. The 
only question is: how to do this? 

Since only chirally left-handed (LH) fermion fields participate in weak interactions, it 
makes sense to express the SM fields in terms of their chiral components. To this end, we 
can define the following two-component Weyl spinors: 

i^L,R = Pl,r = , (1.20) 

where V' is a four-component Dirac spinor. Because a standard mass term for fermions 
has the form given by miptp, when expressed in ipL,R one finds that only fields of opposite 
chirality couple together. Consequently, two types of mass term are possible: 



m-D ipL tpR + h.c. , 



(1.21) 
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which is known as the Dirac mass term, and 



Mc^Lii^Lr + Mjii'ijjRYi^R + h.c., (1.22) 

— T 

which are called Majorana mass terms. The charge conjugate field is defined hy ip'^ = C ij: 
where C denotes the charge conjugation matrix. These mass terms are so named because 
(11.211) arises from the coupling of Dirac type fields: -0 = e^'^^Vi + e*'^^V'-R) whereas the 
terms in (ll.22|) come from coupling of Majorana type fields: '^a,b = e'^^^'^L,R + e'^^^{'4)L,RY , 
which satisfy the Majorana condition: 

(^a,br = 6-^(^1+'^^) (1.23) 

where (pi^2 are constants ^j. The important implication of (I1.23P is that ^a,b are identical 
to their antiparticles. 

At this point it is worth emphasizing that because of electric charge conservation, the 
existence of Majorana type masses for all charged fermions in the SM is forbidden. But 
since neutrinos are electrically neutral, all mass terms in p.21|) and p.22|) may be relevant, 
and as a result, one can have either massive Dirac or Majorana neutrinos. 

For massive Dirac neutrinos, it is obvious from (|1.2ip that two different Weyl fields are 
required to construct the mass term. So, in addition to the vl as seen in weak interactions, 
one must introduce a chirally right-handed (RH) neutrino field, z^/j, to the SM. These RH 
neutrinos are weak isospin singlets and can therefore couple to the ul and 4>, the SM Higgs 
doublet, to form the Yukawa term: 

Y^lLC^VR + h.c. , (1.24) 

where II = (61,1^1)'^ is a doublet of SU{2)l. When the neutral component of the Higgs 
field (p acquires a vacuum expectation value, p.24|) will induce a Dirac mass term for 
the neutrino. This is the same mechanism through which all quarks and charged leptons 
get their masses. However, in order to explain why neutrino is much lighter than other 
fermions, one has to impose a hierarchy in the Yukawas: Y^, <C l^e, making it seem rather 
ad-hoc. We shall discuss some possible resolutions to this later. 

Turning to the case of massive Majorana neutrinos, it is clear from (|1.22p that only 
one type of Weyl field is required in principle. Hence, given vl, one can already construct 



^'in l|1.2ip and l|1.22ll . overall phases involving y)i,2 are absorbed into the definitions of m-D and Mc,tz- 
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a Majorana mass term for the neutrino. But since ii^l is a weak isospin triplet, within 
the framework of the SM, the simplest possibility is therefore the dimension-5 mass term 
of the form [42] : 

^iL(l)4>'^il + h.c. , (1.25) 

where y denotes some dimensionless coupling constant and A is the high-energy cutoff scale 
above which this non-renormalisable interaction is no longer valid. After spontaneous 
symmetry breaking, the term in p.25|) will induce an effective Majorana mass for the 
neutrino: 

= — - — . (1-26) 

It is interesting to note here that if A » {fp^), then expression (I1.26P suggests that neutrinos 
can naturally have a much smaller mass than other fermions without the need to fine-tune 
y with the corresponding Yukawa coupling of the charged leptons. Given this potential 
benefit in models with Majorana neutrino masses, and the fact that no SM symmetry 
forbids their inclusion, it seems natural that neutrinos ought to be Majorana particles. 
Consequently, we shall assume throughout this work that neutrinos are Majorana unless 
otherwise indicated. 

Returning to the initial problem of how to modify the SM to incorporate neutrino 
masses, we see that both the Dirac mass term of (|1.24j) and the non-renormalisable term 
of (|1.25l) imply that some new physics must be introduced. While (|1.24p demands the 
addition of RH singlet neutrinos, (ll.25j) can lead to many possibilities. So, it is the subject 
of the next few subsections to explore several possible scenarios which can achieve this 
within framework of renormalisable interactions. 



1.2.3 Seesaw mechanism: type I 

Within the class of renormalisable models that can give rise to the effective interaction 
of form (|1.25l) . the type I seesaw mechanism [43] is perhaps the most elegant solution of 
all. Not only can it provide a way to generate tiny but nonzero neutrino masses, it also 
contains all the necessary ingredients for explaining the cosmic baryon asymmetry, as will 
be discussed in more detail later in Sec. 11.41 

The idea of the type I seesaw model is quite simple. It springs from the inclusion of 
heavy neutral singlet fermions, the RH neutrinos (one for each generation of light neutrino) 
in the SM, just as one would require to have a Dirac neutrino mass term. But since the 
RH neutrinos are electroweak singlets, one can also include a Majorana mass term for 
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Ma 
— X— 



Figure 1.1: Diagram representing the type I seesaw realisation of the small Majorana mass for the LH 
neutrino with ~ (0*')^ (up to a multiplicative constant). 

them. As a result of having both Dirac and Majorana mass terms, one gets the following 
Lagrangian which is SM gauge invariant: 

Mr 

-£type-i = Yi,Il4>i'r + — {vrY ur + 'h.c. , (1.27) 

where Mr denotes the bare mass for the RH neutrino. Since the SM does not predict or 
restrict the size of Mr, we may assume that it is arbitrarily large. So, by integrating out 
the heavy RH neutrino field, one gets an effective Lagrangian that is of the same form as 
(HHI): 

C\^=^lL<^ftl, (1.28) 

if we identify y and A of Eq. (I1.25P with Yy and Mr respectively. The interaction of (|1.28p 
will naturally give rise to a very small Majorana neutrino mass: rriy ~ (0*^)^ Y^, M^^ YJ if 
one assumes that Mr » {(j)). This situation is illustrated in Fig. 11.11 

Equivalently, one can obtain this by writing p.27|) in matrix form and subsequently 
block-diagonalising the resultant 2n x 2n neutrino matrix, where n is the number of gener- 
ations. To elucidate this, we begin by rewriting the Lagrangian (|1.27|) in index form with 
the generation indices i^j included (ignoring the charged lepton terms): 

n 

- 2Ly = ^ ViL {mD)ij fjR + {vjRY {mD)ji vth + {^R^i)" (^-^ij)ij T^jR + h.c. , (1.29) 

where mn = Yy{4P) and we have used the fact: Vlvr = {vrY{vlY . Then, (|1.29p can be 
re-packaged into: 

-2C, = (vl (^)l ° """"I I ^''^^ I +h.c., (1.30) 

V ' 

M 

where vl = {vil, ■ ■ ■ , i^ul)'^ and ur = {uir, . . . , VurY^ ■ Using the key assumption that all 
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eigenvalues of mo are much less than those of M/j, the neutrino mass matrix in (ll.30p may 
be block-diagonalised (to first order in M^^rri^) by: 

D,, = VMV^ , 



m D ^ rrv^ 
Mr^ 



(1.31) 



where 



M^^rn^^ I I \0 I 

The second matrix in the definition of ()1.32|) is included to ensure all mass eigenvalues are 
positive. If we let {u', N')'^ = {ul, ^r)^^'^ ^i^d define a set of Majorana fields: 



NJ \N' + {N'y 



(1.33) 



then Lagrangian p. 301) becomes 



-2C^ = {mo M^^ rri^)V V + MrN N + h,.c. , 

= myVv + Mr'N N + h.c. . (1.34) 



So from this, it is easy to see that this model gives rise to two sets of Majorana neutrinos: 
the light ones {u) with mass matrix rriy ~ m£) inj^ = {(j)^)"^ Y^, YJ, and the heavy 
ones (N) with M]\f ~ Mr. A particularly attractive feature of this is that the smallness of 
rui, is a direct consequence of the large mass scale of Mr, which may have its origin from 
higher unification theories. Furthermore, the addition of RH neutrinos per se seems quite 
natural from the point of view of making the SM more "left-right" (and "quark-lepton") 
symmetric, in the sense that for each LH fermion, there is a RH version. Owing to these 
benefits, the type I seesaw framework will form the central theme of all of our subsequent 
investigations in this present work. 



1.2.4 Other seesaw models 

Besides type I seesaw, there exist other extensions to the SM which can lead to the effec- 
tive Majorana mass term in (|1.25l) . These seesaw-like models provide alternative ways to 
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understand the smallness of neutrino mass [44], and hence are of great interest to many 
model builders ^j. So, for completeness, we will briefly review them here despite the fact 
that they play no direct role in our current work. 



Type II seesaw 

Instead of extending the SM by adding heavy singlet fermions as in Sec. 11.2.31 one can 
make use of the fact that is an SU{2)l triplet and introduce a heavy triplet scalar to 
the Higgs sector [46], so that a gauge invariant and renormalisable Z^^^-type mass term 
can be formed. Specifically, suppose we have a heavy SU{2)l triplet scalar field A with 
hypercharge Y = —2 and a convenient 2x2 matrix parametrization given by 

/a-/V2 a— , 
A = 7 , ^ , (1.35) 



AO -A-/y2, 



then the Lagrangian 



Aype-II = ^ ^Lir2 A^l + flA <P + Ml A + h.c. 



(1.36) 



will give rise to the process depicted in Fig. 11.2b . This then leads to an effective mass term 

= Aa^^a-tt — ' after setting f^iA = AaMa . (1-37) 
Ma 

This expression has the same form as (|1.26p with the couplings Aa^a playing the role 
of So, when Ma ^ {4'^)^ small neutrino masses can be induced. This mechanism is 
known as type II seesaw [46]. 



Type III seesaw 

Another possibility is to replace the RH neutrinos with heavy triplet fermions and allow 
them to interact with the ordinary lepton doublets via Yukawa couplings [47]. In this 
scenario, the Higgs sector is unmodified, and a set of self- conjugate SU{2)l triplets of 



Small neutrino masses can also be generated without seesaw in models with extra dimensions [45]. 
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(a) 



(b) 



X- ^ 



I 
I 

-i- 



Ms 

— X— 



Figure 1.2: (a) The process induced by the type II seesaw Lagrangian that will give rise to small neutrino 
Majorana masses, (b) The corresponding process in the type III seesaw case with heavy triplet fermion E 
instead. 

exotic leptons with hypercharge y = are added: 

S= ^ I . (1.38) 

The corresponding Lagrangian for this model is given by 

- Aype-iii = Yj^Jl irs S + Me Tr (S^S) + h.c. , (1.39) 

This gives rise to the diagram shown in Fig. 11.2b . and after integrating out the heavy 
E field, one obtains the desired form for the seesaw neutrino mass 

m^lc^Y^^^Yi. (1.40) 

Hence by setting Mg S> {4>^), one can explain the smallness of neutrino masses, and as 
a result, this is often referred to as the type III seesaw mechanism [47]. 



1.2.5 Neutrino mass from radiative corrections 

Finally, it should be mentioned that neutrino masses can also be induced from radiative 
corrections. Typically, this involves the enlargement of the Higgs sector and having the 
newly introduced charged scalars coupling to the LH lepton doublets, so that interactions 
of the form of p.25|) are created at loop level. 



Zee model 

One realisation of this concept is the so-called Zee model [48]. In this particular extension 
to the SM, there are two (or more) SU{2)l Higgs doublets, all with the same hypercharge 
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Figure 1.3: (a) One-loop correction graph of the Zee model that generates a neutrino Majorana mass, 
(b) Two-loop diagram of the Babu-Zee model that contributes to the neutrino Majorana mass term. 



= 1) and a charged scalar singlet h which has Y{h ) = —2. With these, the scalar 
field hr can couple to the LH lepton doublets in the following way: 

4„k = «e..^l(^ir/i-+h.c., (1.41) 

where i,j are indices in SU{2)l and eij denotes the Levi-Civita tensor. Furthermore, in 
the Higgs potential, one gets a cubic coupling term between h~ and other doublets in the 
model: 

^cubic = f^ab eij (pi (pl h- + h.c. , (1.42) 

where a,b = 1,2, . . . are labels for the different Higgs doublets. When combining the tree- 
level interactions of (11.411) . (|1.42|) and the standard Higgs Yukawa (II 4'a,b ^r) together, a 
Majorana neutrino mass term of the form of (|1.25ll is induced via the one-loop diagram 
shown in Fig. 11.3b . Tiny neutrino masses can then be realised by carefully choosing the 
scale of the Higgses and assuming a small coupling for k. 



Babu-Zee model 

Another example of neutrino masses generated from radiative corrections is the so-called 
Babu-Zee model [49,50]. In contrast to the Zee setup, it contains two charged scalar 
singlets: one singly charged (/i~) and the other doubly charged [k'^'^), together with only 
one Higgs doublet (the SM Higgs). The relevant interaction Lagrangian is then given by: 

£PJ = K eij Tl {i{r h- + Xj^eR k++ + fi k++ +YjL<peR + h.c. , (1.43) 
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where k, A and Yg are dimensionless coupling constants while constant /i has a dimension 
of mass. These interactions can give rise to Majorana neutrino masses at the two-loop 
level as indicated in Fig. 11.3b . 

1.2.6 Neutrino electromagnetic dipole moments 

One of the important implications of massive neutrinos is that they can in general possess 
a nonzero transition magnetic and electric dipole moment (both for Dirac and Majorana 
neutrinos), regardless of the mechanism by which they gain their mass. If neutrinos are 
Dirac particles, then they can also have diagonal electromagnetic dipole moments [51-54], 
unlike their Majorana counterparts. We can see this by first noting that the electromagnetic 
current that corresponds to magnetic and electric dipole moment interactions between two 
neutrinos has the form: 

{Mp')\J^"'\Mp)) = [F{q') + ^I'Giq^)] a^, q'^u^ , (1.44) 

where q = p' — while F{q^) and G{q^) are the magnetic and electric dipole form factors 
respectively. For a Majorana field ^ and j = k (the diagonal case), Eq. p.44|) becomes 

* [F + ^7^^] a^, q-"^ = [F + ij^'G] a^, g'^^)^ , (1.45) 
= -^^ [F + i75G]^(a^,)V^^ , (1.46) 

where the negative sign in (|1.46l) comes from anticommuting fermion fields and we have 
used the fact that '^^(t^u = <^iivl^ ■ Using the following conventions for charge conjugation 

i;- = Ci^^, Ct75c = (75)^, CVC = (-a^,)^, (1.47) 

expression (I1.46P can be rewritten as 

- M/^Ct [F + i^^'G] {-a^u)q'' C^^ , (1.48) 
= -^[F + i^''G]a^,q''^\ (1.49) 
= -^[F + ij''G]a^,q''^ , (1.50) 

where we have used the Majorana condition ^''^ = e*'^^'. So, combining LHS of (|1.45l) and 
(|1.50p implies that F and G must vanish. In other words, Majorana neutrinos cannot have 
diagonal dipole moments although they may possess transition moments. 
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To understand the connection between neutrino mass and neutrino dipole moment, one 
can compare the Feynman graphs which correspond to the generic contributions of these 
quantities as depicted in Fig. 11.41 By applying simple dimensional analysis on a generic 
dipole moment operator: 

C^"^ = Vj ifi^k + il'd.k) a^p F^f , (1.51) 

where F"^^ denotes the photon field tensor, we see that the magnetic (fJ-jk) and electric 
{djk) dipole moments have dimension of inverse mass. Therefore, the contribution from 
the dipole moment interaction as shown in Fig. 11.4b can be expressed as 

/i. ~ ^ , (1.52) 

where e is the coupling from the photon vertex, Q denotes the combination of dimensionless 
parameters such as coupling constants (except e), mass ratios, mixing angles and l/lGvr^ 
loop factors which may appear in the graph, while A is some energy scale beyond the SM 
at which the dipole moment is generated. Similar analysis for Fig. 11.4b where the external 
photon line has been removed gives a radiative correction to the neutrino mass of order 

m^~gA. (1.53) 

Therefore, putting (ll.52p and (I1.53P together, a simple relationship between neutrino mass 
and dipole moment can be obtained: 

where hb = e/2me is the Bohr magneton. 




Figure 1.4: (a) A generic Feynman graph representing the contribution to neutrino electromagnetic dipole 
moments, (b) The corresponding graph with the photon line removed which gives a radiative contribution 
to neutrino mass. The shaded blob denotes some new physics beyond the SM which gives rise to the 
neutrino dipole moments and/or masses. 
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Although, in a more general context, where new symmetries or physics are employed 
[55,56], zero neutrino masses do not necessarily imply vanishing dipole moments, the case 
of massive neutrinos, however, naturally allows for dipole moments to exist as indicated 
by (ll.54p . In fact, for the SM with massive Dirac neutrinos, the diagonal magnetic dipole 
moment induced by radiative corrections may be calculated for the mass eigenstate i^j 
[52,57]: 



where Gp is the Fermi constant. Moreover, one can perform a model-independent "natu- 
ralness" estimate of the contribution to neutrino masses from the dipole moment operators, 
thus gaining important insights into the size of /ij^ in relation to m^. In the case of Dirac 
neutrinos, one finds that the magnetic moment is bounded from above by [58] 

iriy \ /I TeV\^ 



< 3 X 10-^ [fk)[^) ^'-''^ 
while for Majorana neutrinos, the transition moment is restricted by [59] 



2 

mt 



— 



fiB , (1.57) 



where a, /? are flavor indices, ma denotes the mass of the charged lepton of flavor a and 
rrir is the mass of the tauon. In both (I1.56P and (ll.57p . A represents the energy scale of 
any new physics that gives rise to the dipole moments. 

Once neutrinos have electromagnetic dipole moments (diagonal or transition), it is clear 
that new interactions between neutrinos and other fermions are possible. For instance, on 
top of the usual weak interactions, there can be a new contribution to neutrino-electron 
scattering due to photon exchange, hence modifying the cross section. Also, the existence 
of transition moments can lead to neutrino decays. In particular, if the transition moments 
between the ordinary LH and heavy RH neutrinos (from the minimally extended SM) are 
non-vanishing, then the radiative decay of the heavy RH neutrinos can have important 
implications in the cosmological evolution of matter in the early universe. This will be the 
main topic of our work in Chapter [H 

The current laboratory limits on the magnetic dipole moment are obtained from the 
low-energy scattering processes mentioned above and they give a bound of about [11,60,61] 

< 0.54 X IO^^Vb (90% C.L.) . (1.58) 



1 .3 Baryon asymmetry of the universe 



21 



A slightly stronger constraint can be obtained from astropliysical data on plasmon decay 
in globular-cluster stars which gives Hu<3x 10^12^5 [62]. 

Another interesting point to note is that both of these limits lie between the upper 
bounds indicated by (I1.56P and (ll.57p . As a consequence, measuring the size of the neu- 
trino electromagnetic moments may provide information on the nature of neutrinos as their 
detection near the upper limit of (|1.58|) will suggest that neutrinos are Majorana particles. 

1 .3 Baryon asymmetry of the universe 

In the next few sections, we turn our attention to another intriguing puzzle, one which has 
troubled cosmologists for some time, and whose resolution is still rather speculative. This 
is the puzzle of the predominance of matter over antimatter in the universe. Conventional 
wisdom has it that soon after the Big Bang, the universe should contain the same amount 
of baryons and antibaryons. So assuming that both evolved in an identical way (as the 
standard hot Big Bang theory suggests), there would be no apparent reason for baryons 
to exist in such a large amount whereas antibaryons are so rare in the universe today. 
Therefore, the challenge is to find a plausible explanation to this asymmetry within the 
framework of the standard cosmological model, which has been successful on so many 
fronts. 

1.3.1 Evidence for a baryon asymmetry 

In everyday life, we know that antimatter is rare. Almost everything that we interact with 
is made of matter. Terrestrially, noticeable amounts of antimatter only appear in situations 
like nuclear medicine imaging or accelerator experiments. But even then, the abundance 
in question is of the order of one trillionth of a gram or less! 

Beyond the earth, information about the ambient antimatter density of the Milky Way 
(and perhaps other nearby galaxies) may be inferred from the studies of antiproton flux 
in cosmic ray experiments conducted on earth. It has been observed that the ratio of 
antiprotons to protons is about: p/p ~ 10~^ [63], a result which is consistent with the 
view that these antiprotons are only byproducts produced in cosmic ray collisions with the 
inter-stellar media, and cannot be originated from a non-negligible antiproton density in 
the galaxies. In other words, there is strong evidence that antimatter is also rare in our 
local galaxy. 
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On an even larger scale, the presence of intra-cluster hydrogen gas clouds (as indicated 
by their x-ray emissions) implies that patches containing large amount of antibaryons 
cannot exist within galaxy clusters. The reason for this is that the existence of such 
patches would give rise to strong 7-ray emission from baryon-antibaryon annihilations near 
the interfaces with the gas clouds. But no such 7-ray flux has been seen. As a result, one 
can compellingly argue that should there be large regions of space containing antimatter, 
they must be beyond the observable universe [64], and hence on general grounds, one can 
conclude that the possibility of our universe containing the same amount of matter and 
antimatter today is empirically excluded. 

Along with the puzzle of why there is an excess of matter over antimatter in the uni- 
verse today, recent measurements of the temperature anisotropy of the Cosmic Microwave 
Background (CMB) radiation by the WMAP probe [40], together with studies of large 
scale structure [41], have given us a reliable estimate of the baryon-to-photon ratio at the 
current epoch of 

^CMB = (g 1 i X 10-1° , (1.59) 

which prompts the question as to why this amount. In (|1.59l) . ub and denote the 
number density of baryons and photons respectively, with = C,{?>)g^:T^ /li"^ , where g* = 2 
counts the internal degrees of freedom, C(3) ~ 1.202 is the Riemann zeta function of order 
3 and T denotes the temperature. 

To understand why the size "59]) is of relevance, we first note that the 

standard Big Bang Nucleosynthesis (BBN) analysis of the primordial abundances of ^He, 
^He, (D)euterium, ^Li and ^Li depends crucially on the value of the baryon-to-photon 
ratio. In fact, astrophysical observations have inferred that [65] 

7?!^^ f« (4.7 - 6.5) X 10-1° , (1.60) 



which is very much consistent with p.59|l . hence demonstrating the validity of BBN and 
standard cosmology. 

More importantly though, the amount of O (lO-i°) for this ratio signifies that there 
must have been a primordial baryon asymmetry in the early universe. This is because if the 
universe was baryon-antibaryon symmetric at T ~ O (100) MeV, the annihilation process 
B -\- B — > 27 would significantly reduce both the value of ns/n^ and n-j^/n^, before 
they subsequently froze out at T ~ 22 MeV when the annihilations became ineffective. 
By studying the Boltzmann evolution of the number density of the (anti)baryons in this 
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scenario, one can estimate the expected baryon-to-photon ratio for today to be [66] 

!^ = !^ = o (io-i«) . (1.61) 

Therefore, barring some exotic possibihties, the apparent discrepancy between (|1.59|) and 
(ll.6ip is a clear indication that during primordial times, the universe must already have 
been matter-antimatter asymmetric, and the current scarcity of antimatter is just a man- 
ifestation of that fact. So in reality, the observed value of the baryon-to-photon ratio also 
characterizes the amount of asymmetry between matter and antimatter in the universe 1^ 

VB ^ — ^ . 1.62 

In the wake of this necessity for a primordial asymmetry, the key focus becomes un- 
derstanding its physical origins. Although taking the asymmetry as an initial condition 
set by the Big Bang is perhaps the simplest solution, in the context of an inflationary 
universe this approach is strongly disfavored, for any pre-existing asymmetry would be 
diluted away by the proliferation of entropy during reheating. Thus, the expectation is 
that this excess of baryons over antibaryons must have been dynamically generated during 
the evolution of the early universe. But the question of whether there are physical pro- 
cesses (within or beyond the SM) that would allow this to happen will need to be addressed. 



1.3.2 Elements of baryogenesis 

The puzzle of creating a baryon asymmetry from an initially symmetric state so that the 
observed baryon-to-photon ratio can be accounted for is known as the baryogenesis problem. 
While the mechanisms that can lead to this asymmetry can be quite different, they must 
in general satisfy the three basic conditions for baryogenesis as pointed out by Sakharov 
in 1967 [67]: a dynamical model should contain processes that 

1. violate baryon number, B, 

2. violate C and CP, and 

3. are out of thermal equilibrium. 



Prom now on, rjB will be taken as a measure of the amount of matter-antimatter asymmetry in the 
universe. 
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These are often referred to as the Sakharov conditions. It should be noted at this point that, 
later on, when we discuss the mechanism of baryogenesis via leptogenesis (see Sec. I1.4|) . 
these conditions will be extended to include lepton number (L) violation processes. This 
is because an excess in L must be created for that scenario to work. 

It is customary to assign a positive number B for baryons while their respective an- 
tiparticle counterparts are given a negative number B = —B for their baryon number. The 
first Sakharov's criterion is obvious as no increase or decrease of baryon number B can 
happen if all interactions in the model are B conserving. 

Owning to the fact that for every B violating interaction which involves a baryon, 
X qq, there will be a mirror process, X — > qq, for the corresponding antibaryon that 
can create an exact negative amount oi B, no net B asymmetry may result if both types of 
processes are equally likely. Hence, Sakharov's second condition demands that C (charge 
conjugation) and CP (charge conjugation plus parity flip) violations are necessary as they 
will lead to different rates for the particle and antiparticle processes, i.e. T{X — > qq) / 



The condition of deviation from thermal equilibrium for these processes is essential 
because the Hamiltonian of the system under consideration is usually assumed to be CPT 
invariant (i.e. Q~^Ti.@ = 7i, where is the CPT operator and 7i denotes the Hamiltonian). 
So, given the fact that baryon number is CPT-odd (i.e. Q^^BQ = —B), it can be easily 
demonstrated that no baryon asymmetry can be generated in thermal equilibrium. Suppose 
B{t) denotes the baryon number at time t. For a system in thermal equilibrium, we can 
define the thermal average for B{t) at temperature T by 



r{X^qq). 



{B{t))T = Tt B{t)e~'^/^ 



(1.63) 



where e is the density operator. Given that the time evolution of baryon number is 
B{t) = e-^^* B{0) e*^*, then we have 



{B{t))T = Tr e 



B{0) e- 



Tr B{{))e- 



Tr 5(0) e~^/^ 



= (S(0))t . 



(1.64) 
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In other words, a system in thermal equihbrium must be stationary. Furthermore, using 
the CPT property of B and 7i, we can see that 



{B{t)h 



Tr 



B{t) e 



-n/T 



Tr 
Tr 
Tr 



-{B{t))T , 



{B{t))T = . 



(1.65) 
(1.66) 



So, the thermal expectation value of B vanishes in equilibrium. Consequently, baryogen- 
esis cannot succeed without the "arrow of time" provided by the departure from thermal 
equilibrium. 

It may come as a surprise to some that standard electroweak theory actually contains 
all of the above ingredients, and so in principle at least, the baryogenesis problem may 
be solved within the framework of the SM alone. The reason that SM interactions are 
insufficient to produce the observed baryon asymmetry is because precision experiments 
on electroweak processes have placed stringent constraints on the allowed parameter space. 
In particular, it is found that the CP violation observed in the quark sector [68] (e.g. in K'^- 

or B^-B^ mesons system) is far too small [69] to give rise to the observed 775. Moreover, 
the present empirical lower limit on the Higgs mass, ?Ti^Higgs > 114 GeV [70], implies that 
the electroweak phase transition cannot be first order [71,72], making it difficult for the 
baryon number violating sphaleron processes (see Sec. 11.3.31) in the SM to go out of thermal 
equilibrium [^ . 

Although the SM per se cannot solve the baryogenesis problem, the understanding of its 
behavior at high energies plays a crucial role in finding a suitable extension that can work. 
In particular, the non-perturbative interactions that can violate baryon and lepton num- 
bers in the early universe are especially important as we shall review in the next subsection. 



1.3.3 B + L anomaly and sphalerons 

Prom the particle phenomenology at energy levels reachable by present-day experiments, 
it seems that baryon (B) and lepton (L) numbers are conserved in all interactions. In- 
deed, B and L violations in the SM only enter in a subtle and non-perturbative way, and 



^*See [73] for a more detailed discussion on the standard electroweak baryogenesis theory. 
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therefore, to a good approximation, they can usually be ignored. However, at the very 
high temperatures typical of the early universe, these effects on particle evolution become 
prominent and must be taken into account. 

To see how B and L violations come about while at the same time reconciling their 
apparent conservation at low energies, it is instructive to study the electroweak theory at 
both the classical and quantum mechanical levels. A well known fact of the classical SM 
Lagrangian is that it has global U{1)b and U{1)l symmetries and is therefore invariant 
under the following transformations of the quark and lepton fields: 

U{1)b. q{x) ^ q{x) e'^ ; £{x) ^ £{x) , (1.67) 
U{1)l: q{x)^q{x) ; £{x) ^ £{x) e'^ , (1.68) 

where 6 and (j) are constants. Noether's theorem then implies that the classical and 
currents are conserved: 

9^ = ^ ^ {qLl^qi + URjt^UR + dRjf,dR) = , (1.69) 



flavors 



d^J^ = d^Yl i^Ll^^L + BRj^eR) = , (1.70) 

flavors 

where we have conveniently defined the baryon and lepton numbers for quarks and leptons 

as: -Bquark = 1/3, -Blepton = 0, Lquark = and Llepton = 1- 

But due to the chiral nature of the electroweak sector, quantum corrections through 
the triangle anomaly [74] will render the divergences (|1.69p and p. 701) nonzero. The 
situation can be made explicit by studying the anomaly equations for the LH and RH 
chiral components of the vector currents, which have the general form: 

d'' ii^Ll.^L) = -CL ^ F^Jr , (1-71) 



327r^ 

ii^Rl.i^R) = +CR ^ F^Jr , (1-72) 



where jIil,r denotes any of the LH or RH quark and lepton fields, cl and cr are con- 



stants 
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and go is the gauge coupling of some gauge group G, with and Fa'^ being 
the corresponding field strength and dual tensor respectively. 

Analysing this for the SM gauge group, SU{3)c <8> SU{2)l <8> C/(l)y, one can deduce. 



^^They do however depend on the representations of '>Pl,r- 
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after some algebra, that: 

d'Jl^ = d'-jjl = ^ {-g'W^uWr + g'^B.^B^^'^) , (1.73) 

where g and g' are the gauge couplings of SU{2)l and U{1)y respectively, with W^^ and 
B^y the corresponding field tensors, and Nf denotes the number of generations. It should 
be mentioned that no SU (3)c related elements appear in (I1.73P because gluons couple to 
all quark currents with the same strength regardless of chirality (and leptons do not couple 
to them at all). As a result, cf = c^™°§ in the SU{2,)c version of (fTTT]) and (fTT^ . 
and so the anomaly cancels for this sub-sector. 

Another important observation from p.73l) is that d^jj^ and d^jj^ are identical and 
hence, 

(^M - Jll) = ■ (1-74) 

In other words, the B — L quantum number is strictly conserved in the SM. However, it is 
also clear from (I1.73P that B + L must be violated. To deduce the corresponding change 
in the B + L quantum number, one must evaluate the Euclidean integral of d^{jj^ + J^) 
over d'^x: 

A{B + L)^J d'x J^^+^ = jd^'x^ {-9^W;,Wr + g'''B,,B'^'') , (1.75) 

= 2iV/AiVes, (1.76) 

where ANcs = ±l,ib2, ... is the change in the Chern-Simons number. This is typical of 
any non-abelian gauge theory (like the SM) where infinitely many degenerate vacua exist. 
The transitions among these ground states correspond to jumps between the different 
topological sectors of the gauge theory, which are classified by the Chern-Simons numbers. 

The main consequence of relation (|1.76p is that for the SM with Nj = 3, the smallest 
change in + L must be ±6 (or more precisely at least ±3 for AB and AL). Also, from 
(ll.73|) . we note that Bi — Bj and Li — Lj, where i and j are family indices, must be 
conserved by sphaleron processes in addition to B — L. Therefore, a quantum transition 
from one ground state to another which results in AiVcs = ±1 will give rise to the following 
12-fermion interaction which involves all three families: 

vacuum ^ ul di di he cl sl sl h^ ti bi bi hr , (1-77) 
where II^ {a = e, fj, or r) is either the LH charged or neutral lepton. Note that reaction 
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(I1.77P conserves color and electric charge. 

However, since the degenerate vacua in different topological regions of the field space 
are separated by a potential barrier [75] with energy, -Bsph (called the sphaleron energy), for 
any "small" gauge field quantum fluctuations around the perturbative vacuum, transitions 
with AA'^cs / are negligible. It has been shown that quantum tunnellings through such 
barriers due to instantons are exponentially suppressed at zero temperature [76], with 
transition rate: r^=° ~ e-^^^^^'/f" ~ O (10"^*^^). 

For finite temperatures, transition between gauge vacua can happen at a much greater 
rate because of (non-perturbative) thermal fluctuations o over the barrier [77,78]. De- 
pending on whether the temperature T is above or below the critical temperature, Tg^, 
for electroweak symmetry restoration, the transitions will proceed at significantly different 
rates. It has been shown that for T < ~ 100 GeV, the rate is Boltzmann suppressed 
by e~^>=ph/-^ [78,79], whereas for T > Tew, the rate T^'J^"^"" is proportional to (at leading 
order) [80,81]. Therefore, in the early universe where T » Tgw, these sphaleron processes 
are very potent, while at low temperatures such as those accessible in conventional exper- 
iments, baryon and lepton violations due to quantum corrections are physically irrelevant, 
and B and L can be regarded as conserved quantities to good approximation. 

By comparing the sphaleron rate r^'J^^°'* with the Hubble expansion rate at T: 

Hc^lMy^,^^, (1.78) 

where g* is the number of relativistic degrees of freedom and Mpi w 1.22 x 10^^ GeV is 
the Planck mass, one can check that for T in the range: 

Tew ^ 100 GeV <T< 10^^ GeV , (1.79) 

B + L violating sphaleron interactions are in thermal equilibrium. This observation is im- 
portant because Sakharov's 3rd condition then implies that any baryogenesis mechanism 
which operates above Tg^ cannot generate an excess of B and L unless they also violate 
B — L. The reason for this is that B — L is conserved by the sphaleron processes, and 
therefore, any asymmetry in B — L generated from other interactions in the model will not 
be erased. We will make good use of this fact later on in Sec. 11.41 



In this work, we shall refer to all such vacuum transitions as "sphaleron processes" or simply 
"sphalerons" although, strictly speaking, these processes induced by thermal fluctuations are unrelated 
to the sphaleron saddle-point solution that influences the quantum tunnellings. 
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1.3.4 CP violation in heavy particle decays 

As mentioned in Sec. 11.3.21 a key ingredient for B asymmetry generation is the condition 
of CP violation in processes that can create baryon number. Given that B + L violating 
sphalerons are in thermal equilibrium during the epoch of interest and hence would not be 
able to create an excess of B regardless of their CP properties, it is useful to investigate 
other type of processes that may do the job. However, no SM interactions (besides those 
induced by sphalerons) violate B, and therefore one must invoke physics beyond the SM. 

A typical way to do this is to expand the particle content with exotic heavy particles 
and include new [B violating) interaction terms that couple them to other constituents of 
the model. Such heavy particles could be a byproduct of the enlargement in the model's 
symmetry as typical in grand unification theories (GUTs) and supersymmetry (SUSY) 
models. However, their precise origins are not of concern in the current discussion. 

To illustrate how CP violation can arise in the decay of such heavy particles, we consider 
a toy model with a set of exotic particles X^s which can interact with other fermions Qj's 
and scalars ^'s through the Yukawa terms: 

CirA=hjkqjiXk + \i.c. , (1.80) 

where indices j,k = 1,2,... are labels for the different particles within a set and hjk 
denotes the coupling which is a complex quantity in general. The tree-level Feynman 
diagram for the decay of X^ induced by this term is shown in Fig. 11.51 Suppose that there 
are other interactions besides (|1.80p and that they link X^ to a final state with a different 
baryon number to the state qjS,, then the decay of X^ must violate B. Without loss of 
generality, let us assume that the decay: X^ — > qj ^ gives a change of Ai?x = +1, while 
the antiparticle decay: Xf. — > qjS^ has Ai?^ = —1, then the CP asymmetry in baryon 
number produced by these decays can be quantified by 

I^BxT{Xk^qji) , Ai?j^r(Xfc 
ecP = \ , 

tot J- tot 

^ (+1) T{Xk ^ qj + (-1) nXk ^ qj g) 
Ttot 

r-f , , 

= -f^, (1-81) 

J- tot 

where F^ot = F + f is the total decay rate with F = F(Xfc — > gj g) and f = F(Xfc — > qjS)- 
As expected, (jl.Sip confirms the requirement of unequal rates for particle and antiparticle 
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Figure 1.5: Tree-level Feynman diagram for the heavy particle decay of Xk qj where the arrow denotes 
the flow of baryon number. 




Figure 1.6: Feynman graphs of the (a) one-loop vertex correction for Xk Qj £, and (b) the corresponding 
one-loop self-energy correction. 



decays in order to produce an asymmetry in baryon number. Therefore, we seek the general 
conditions under which T and T can be different. 

It turns out that because of CPT invariance, there can never be a difference between 



r and r if one only considers the tree-level process depicted in Fig. 11.51 as F = \hjk\'^Ii 



tree 



|/ijfcpltree = f , where the kinematic factors /tree and /tree; which come from integrating 
over phase space, are necessarily equal. As a result, one must go beyond the lowest ordered. 
The first nonzero contribution to ecp comes from the interference between the tree-level 
graph and the one-loop corrections shown in Fig. 11.61 Writing out the terms up to O (/i^) 
in the couplings, we have: 



/ 



phase- 
space 



phase- 
space 



+ 



+ 



1-loop graphs 



+ 



+ 



+ 



\hjk\ /tree ~l~ hjk^jrrjT'nmhnk -^loop ~l~ ^jkhjirJ^ntrJ^nk -^loop ~l" C ) 



(1.82) 



where Iioop denotes the kinematic factor associated with the one-loop diagrams in Fig. 11.61 
that accounts for integration over the phase space of final states, as well as any internal 



^^We will present a general proof of this in Sec. 14.3.1] 
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loop momenta. Repeating this for the antiparticle decay, one obtains 

f = \hjk\'^ ItT-ee + hji^h*j^K^^hnk -^loop + h*i^hj„ihnmh^k -^loop ~^ ^ (^^) ' (1.83) 

where we have used the fact that Iioop = -^loop- So, putting (|1.82p and (I1.83P into the 
definition for ecp in (|1.8ip and ignoring the higher order terms, we have 

^CP = — {Ah /loop + Al /loop - Al /loop - Ah /foop) , (1-84) 

J- tot 

where Ah = h*iJijmhnmh*^k ^'^^ -'^tot — 2|/ijfcp/tree to the lowest order. Thus, 

^CP = {Ah - A\) (/loop - /foop) , 

J- tot 

= — 2zlm {Ah) 2ilm (/loop) , 
J- tot 
4 

= — Im {h*khjmhnm.Kik) (/loop) • (1-85) 

J- tot 

Equation (|1.85p is the main result of this section. It highlights the three essential ingre- 
dients required for any model to have a nonzero CP asymmetry. Firstly, the couplings h 
must be complex so that the imaginary part of their products are in general non- vanishing. 
Secondly, there must be at least two heavy particles Xk present in the model because if 
k = m m. (|1.85p . then lm{h*i^hjmhnmh'^k) ~ I™(l^jA;P|/infcP) = and no asymmetry can 
be generated. Thirdly, the Im (/loop) term demands that the mass of must be greater 
than the combined mass of the two intermediate state particles: qn and ^. This is because 
the imaginary part of the internal loop function corresponds to the on-shell contribution 
of the diagram, and hence kinematical restriction implies that X^ must be heavy enough 
in order to give ecp / 0. Also, the dependence on Im (/loop) indicates why self-energy loop 
graphs of Fig. 11.6b are actually relevant and can contribute to the overall asymmetry [82]. 

This is the typical way in which CP violation enters in many of the baryogenesis 
scenarios, including thermal leptogenesis (see Sec. II. 4|) . It will also forms the cornerstone 
of our discussion in Chapter [H 
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1 .4 Thermal leptogenesis 

The failure of the minimal SM to dynamically generate the correct amount of baryon 
asymmetry together with the fact that SM sphalerons strictly conserve the B — L quantum 
number have prompted us to look for new physics that can violate lepton number L when 
tackling the baryogenesis problem. As was hinted in the beginning of Sec. 11.2.31 such 
new physics could be closely related to neutrino mass models. Indeed, if neutrinos are 
Majorana, then the induced dim-5 mass term of (fOSl): y'^ii (/xp'^il/A, will violate L by 
two units. Therefore, it is natural to ask whether such lepton violating interactions can 
actually lead to the observed baryon asymmetry. 

In order to answer this, we must first tackle the question of whether, in principle, a 
lepton asymmetry can be turned into a baryon asymmetry during the primordial evolu- 
tion, and if so, whether this can be achieved without introducing more new physics. Upon 
closer inspection, one realises that both are possible, and the mechanism that can imple- 
ment this conversion is the SM sphalerons. Recall from Sec. ll.3.3] that the non-perturbative 
sphalerons will give rise to the 12-fermion interactions of (| 1.771) when the ambient environ- 
ment is hot enough. In addition, for temperatures in the range of 10^ ^ T < 10^^ GeV, 
these 12-fermion interactions are in thermal equilibrium, and hence, one can write down a 
relation among the various chemical potentials nx of particle species X in the primordial 
plasma for this process as: 

J2 (/^-.L + 2//d„i + J = > (1-86) 

flavor a 

where subscripts UaL, daL and UaL denote LH up-type quark, down-type quark and neu- 
trino species respectively. Moreover, since electroweak symmetry is restored in this epoch 
of the early universe, the sum of hypercharge {Y) of all particle species must vanish, thus: 

Y = 2^H+ if^u^L + f^d^L + "^f^u^R - f^d^R - tJ'e^R - l^e^L - f^u^L) = ^ ^ (1-87) 

flavor a 

where H is & generic symbol for either one of four degrees of freedom of the complex doublet 
Higgs, (f)'^, cj)^ , (fP* , while UaR, daR and CaR are the RH up-type quark, down-type quark 
and charged lepton species respectively, and eaL denotes the LH charged lepton species. In 
(ll.87p . we have implicitly summed over colors for the quarks and set = fi^o = fi^- = 
H^o, = fiH since they belong to the same doublets. Similarly, we expect fiu^L ~ t^d^L ^^"^ 
He^L ~ f^i^aL by same argument. Depending on the temperature of the plasma, some 
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or all of the following SM Yukawa interactions can also be in equilibrium: 

4>^ ^ daR d/3L , </>"^ ^ daR UpL , 

cf* ^ UaR Uf3L , 4>~ ^ ^^R dpL , 

<f ^ eaR efSL , (p^ ^ eaR VpL ■ (1-88) 

When all the processes (with arbitrary combination in flavors a and (5) in (I1.88P are in 
thermal equilibrium, all LH or RH up-quark, down-quark, charged lepton and LH neutrino 
flavor states will be adequately mixed, and one may then assume that /Uj^^ ^ = /^/^^ ^ for 
all a, j3 where / denotes n, d, e or u. Using this approximation and equating the chemical 
potentials, one gets three more relations: 

fJ-QL - f^dR - fJ-H = , flg^ - fluR + = , fJ-eL - f^eR - fJ-H = , (1-89) 

where we have dropped the flavor index and set /ig^ = = jJdL ^iid f^-iL ^ f^i^L ~ I^^l ■ 

If we assume that all particle species involved are approximately massless and behave 
as a weakly coupled relativistic gas at this temperature, then we can invoke the standard 
result [66,83]: 

(1.90) 



nx - nx 



T ^ Its 



6 

which relates the asymmetry in the fermion and antifermion number densities to their 
chemical potentials o and subsequently write down the relations for baryon and lepton 



number: 



B=Y, C^l^qL + l^d^ + f^dn) , (1.91) 
flavor 

L = J] (2/x,, + Me«) . (1.92) 

flavor 

Solving (fLMI) . (fLHTll . (fLMIl . FLW1\\ and (fLMjl simultaneously for B and expressing the 
answer in terms of B — L or L, we arrive at the key result [83, 84] 

B = -{B-L) = --L, (1.93) 

from which one can conclude that an initial B — L asymmetry can be partially converted 
into a B asymmetry by sphalerons and other SM processes. 



^Here, gi denotes the number of internal degrees of freedom. 
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Given this relationship between B and L, we can indeed tackle the problem of baryoge- 
nesis by first finding a solution for leptogenesis. As mentioned before, models with massive 
Majorana neutrinos naturally provide a source of lepton violation — an essential criterion 
for generating a L asymmetry dynamically, and thus it is particularly fruitful to study 
them in this context because the new physics introduced to give neutrinos a mass may 
simultaneously explain the cosmic baryon asymmetry. 

In this work, we are especially interested in the leptogenesis scenario involving type I 
seesaw models [85] because, in our opinion, it presents the most "elegant" solution to both 
the smallness of neutrino masses and the observed baryon-to-photon ratio, while it only 
requires a rather modest extension of the SM. Although we shall not discuss the leptogenesis 
implications of the other neutrino mass generation methods (see Sec. 11.2.41 and ll.2.5p . it 
should be added in passing that leptogenesis based on type II [86,87], type III [88] seesaw. 



as well as Babu-Zee type models [89] are also possible Lz- 
1.4.1 Leptogenesis with hierarchical RH neutrinos 

The classic leptogenesis scenario of Fukugita and Yanagida [85], which we shall often refer 
to as the "standard" case in our subsequent discussions, involves taking the type I seesaw 
Lagrangian of (|1.27l) with (usually) three heavy RH Majorana neutrinos, so that the L 
violating Yukawa interactions between the RH neutrinos and the ordinary LH leptons can 
generate a B — L asymmetry during the primordial times. Furthermore, it is customary 
to assume that the spectrum of the RH neutrino masses in this scenario is hierarchical, 
and therefore the asymmetry created will be dominated by the decays of the lightest RH 
neutrinos (denoted A''i) due to the efficient washout of any A''2,3-generated asymmetries by 
A''i mediated AL 7^ scattering processes in equilibrium. 

To enunciate these ideas, we begin by rewriting Lagrangiai i (|1.27l) in the mass eigenbasis 
of the heavy RH neutrinos (and with some notation changes 



24h 



Ant = -yaf3 ^a(t)ei3- hjk ij Nk - k Mk Nk + h.c. , (1.94) 

where flavor indices a, /3, j can be one of e, ^ or r, and /c = 1, 2, 3 are labels for the lightest 
to heaviest RH neutrinos (with mass Mfc). The SU{2)l doublets: = {uL^eiZ and 



Henceforth, we shall often refer to leptogenesis in type I seesaw models as simply "leptogenesis". 
^■^For the ease of presentation, we shall disregard the small subtleties involving the precise definitions of 
N or f used before when explaining the seesaw mechanism (see Sec. I1.2.3|l . and simply denote the heavy 
RH Majorana neutrinos with = ur' + {vr')'' where vr' is the mass eigenstate after the change of basis 
from i/R. 
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Nk 



(a) 



(b) 



(c) 



Figure 1.7: The (a) tree-level, (b) one-loop vertex correction, and (c) one-loop self-energy correction 
graphs for the decay: A'^^ Ij tfi. 



4) = {4P,4>~)'^ have their usual meanings, with 4> = ia2(p* being the charge conjugate 
Higgs. The Yukawa couphngs hj^ijcp^k in (I1.94P can then induce heavy RH neutrino 
decays via two channels: 



+ 
+ 



(1.95) 



which violate lepton number by one unit. All Sakharov's conditions for leptogenesis will be 
satisfied if these decays also violate CP and go out of equilibrium at some stage during the 
evolution of the early universe. As shown in Sec. 11.3.41 the requirement for CP violation 
means that coupling matrix h in (I1.94P must be complex and the mass of must be 
greater than the combined mass of ij and (f), so that interferences between the tree-level 
process (Fig. 11.7b ) and the one-loop corrections (Fig. 11.7b . c) with on-shell intermediate 
states will be nonzero. Clearly, both of these are possible as type I seesaw mechanism 
naturally implies a very large Mk in order to induce small LH neutrino masses, while 
it does not forbid the presence of CP violating phases in the RH neutrino sector. The 
condition of thermal non-equilibrium is achieved when the expansion rate of the universe 
exceeds the decay rate of Nk- One may quickly check using p.78|) that this is actually 
possible for a wide range of mass Mk- 

So, with all the essential ingredients for leptogenesis positively identified, the remaining 
question is whether quantitatively this model can generate the correct amount of asymme- 
try, and if so, what are the constraints (if any) on the parameter space. To this end, using 
the definition of (jl.Sip for L, we begin by writing down the CP asymmetry in the lepton 
number production due to Nk decays: 



£kj 



TiNk 



nNk 



T{Nk ^ ij (P) + T{Nk 



(1.96) 



If we assume that the evolution of the L asymmetry is "flavor blind" (a condition that 
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we shall relax in the next subsection), then we are only interested in the quantity after 
summing over lepton flavor j. In addition, for hierarchical RH neutrinos, we have the A^i- 
dominated scenario, and therefore, we can set k = 1. Explicit calculation of the interference 
terms will then result in [90-92]: 



-E 



Im [{h^h)l^\ /^^ fM^ 



11 



IS \ 



(1.97) 



where fv{x) and fs{x) are given by 



fvix) 



1 - (1 + x)ln 



1 + x 



and fs{x) 



1 — X 



fl.98) 



which denote the vertex and self-energy contributions respectively. The tree-level Ni decay 
rate (at T = 0) used to calculate the denominator of p.96|) with j summed is given by: 



T{Ni -^£(p) = r{Ni li 



{h)h) 



11 



167r 



Ml . 



(1.99) 



Suppose that \hjk\ < I/133I for all j and /c, then in the hierarchical limit of Mi <C M2,3, 
the seesaw relation gives: 

ma ~ — , (1.100) 



Ms 

where ms is mass of the heaviest LH neutrino. Assuming these conditions, and using the 
fact that 



\fv{x) + fs{x)\ 
one can estimate the CP asymmetry as 

, , 3 



2^ ' 



for a; ^ 1 



fl.lOl) 



l^il 



\h 



[Ml 



331 



167r \Ah 
3 Ml 

16^ ((/>)2 



sin 6n 
sin 5n , 



(1.102) 
(1.103) 



where in the last line we have used (jl.lOOp . The quantity: sin (5Ar, is a measure of the 
amount of CP violation in the decay with 5^ = arg [(/it/i)i3] which is in general different 
from the CP phase appearing in neutrino oscillations. Relation (|1.103p implies that the size 
of |ei| cannot be arbitrarily large for a given Mi. Taking ms ~ 0.05 eV and {(j)) ~ 174 GeV, 



^We will illustrate how to calculate this result explicitly as part of the discussion in Chapter SI 
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one gets a useful ballpark estimate of the maximum CP asymmetry as 

Within the type I seesaw paradigm, this result actually holds in general as long as the LH 
neutrinos are strongly hierarchical [93]. 

Taking Eq. (|1.104p at face value, it appears that leptogenesis should be able to produce 
the correct baryon-to-photon ratio of r]B — 10^^*^ quite easily by simply tuning 6j\[ and 
Ml. While this freedom to adjust ei (partly) ensures the eventual success of baryogenesis 
via leptogenesis quantitatively, the solution to the problem is actually quite subtle and 
involves carefully tracking the evolution of the A^i's abundance in the thermal plasma, as 
well as the B — L asymmetry they generate. 

It is not difficult to visualise the reasons for these subtleties. Firstly, to have A''i decays 
happening, the plasma must contain a nonzero amount of them. If inflation or some other 
mechanism implies that the initial A''i density is zero, then one needs to work out whether 
the A^i-scattering processes involving SM particles would be strong enough to generate 
a sufficient amount of A''i's so that their subsequent decays can give rise to the correct 
asymmetry. Secondly, if the AL 7^ interactions such as the inverse decay {Icj) ^ Ni) are 
too strong, they may washout any asymmetry already generated. Hence, depending on 
when these processes go in (or out) of thermal equilibrium, they may have a substantial 
effect on the final asymmetry. This interplay between A^i generation and washout effects 
demands a closer study into the evolution of all particle species involved, and as a result, 
one must solve the relevant Boltzmann transport equations. 

In general, the Boltzmann equation for particle species a has the form: 

dLfa{p) = -\c[fa{p)] , (1.105) 

where Ol denotes some Liouville operator, fa{p) is the phase-space density function of 
species o, and C [fa{p)] is the so-called "collision" integral which is defined by 

C [Up)] = / dwY{27T)^d''{pa+PX -Py) 

X [fafx\M{aX ^ y)|2 - fY\M{Y ^ aX)\''] , (1.106) 
where X and Y denote some multiparticle states and all allowed processes aX are 



'We have made the simplification that all species obey Maxwell-Boltzmann statistics. See e.g. [66,94]. 



38 



Chapter 1. Introduction 



summed. The transition amplitude with all internal degrees of freedom in both initial 
and final states averaged, and with the appropriate symmetry factors accounted for, is 
represented by |A^(. . whilst 



Px,Y = Pb , fx,Y = n -^^ ' dwx,Y = dwb 

b&X,Y fe6X,y 6GX,y 



with the measure given by 



dwh 



Qh d^Pb 



(1.107) 



(1.108) 



where gb and Eb are the number of internal degrees of freedom and the total energy of 
species b respectively. In calculations, one is concerned with the number density of a 
particle species which is related to the phase-space distribution via 



Ub 



gb 



(2vr)= 



d^Pb h{p) 



(1.109) 



So, integrating (jl.lOSp to put it in terms of number density and using the fact that the 
Liouville operator representing an isotropic and homogeneous (Robertson- Walker) universe 
is [66,95] 

(1.110) 



where H is the Hubble parameter, one can express the LHS of (11.1051) as 



2Ea (27r) 



2(27r) 



dt Ea dEa 



dUg 

dt 



(1.111) 



where we have also divided through by 2Eg. Similarly, the RHS of p.lOSp becomes 

1 1 X f 

- 2 ^ = ~ 2 ^ / dwY{2TT)'^6'^{pa + PX - Py) 

X [fafx\M{aX ^ y)|2 - fY\M{Y ^ aX)\^] , ( 
^ j dwadwxdwY{2-n)'^5'^{j)a+px -Py) 



1.112) 



aX^Y ' 



\c&Y 



(1.113) 
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where we have assumed that all particles are in kinetic equilibrium so that fi = {'ni/rf^)f^^ 
with f'^'^ = e~^'/-^ being the equilibrium distribution for Maxwell-Boltzmann statistics and 
the corresponding number density. 

It is convenient to define the thermally averaged reaction density as 

7(aX ^y) = j dwadwxdwY {27T)^d\pa + px - Py) f^'^fx^lMiaX ^ Y)\^ , 

^nl'^(llnA{a{aX^Y)\v\), (1.114) 

\b£X J 

where {cr\v\) is the thermally averaged cross section times the relative velocity of the 
interacting particles. For decays, 7(0 — > Y) is related to the more familiar thermally 
averaged reaction rate {T{a — > Y)) via 

j{a^Y)=nmr{a^Y)) , (1.115) 
= <^^ro(a^y), z^^, (1.116) 

where ro(a — > Y) is the decay rate at temperature T = (usually obtained from quantum 
field theory calculations), nia is the mass of the particle a and JCn{z) denotes the nth order 
modified Bessel function of the second kind. In the case of two-body scattering 7(06 — > F), 
one has 

^^ab^Y) = -— ds^slCi{^s/T)a{s) , (1.117) 

where s is the squared centre-of-mass energy and a{s) is the reduced cross section for 
the process with sa{s) = 8 [{pa • Pb)^ — n^trn^ cr(s)i where a{s) is the usual total cross 
section. 

Using definition (|1.114|) and equating (|1.111|) and (|1.113|) . the Boltzmann equation for 
particle evolution in the expanding universe becomes: 



(1.118) 

with the term 2>Hna signifying the change in Ua due to the expansion. 

Returning to the leptogenesis scenario, we identify that the quantities of interest are 
the number densities of A'^i and B — L (with baryon and lepton number defined in the usual 
way). So, considering all processes up to second order, we note that besides the tree-level 
interaction {N •s-^ of Fig. 11.7b . there are s-channel Ni <^ qhtR (Fig. II. 8h ) and t-channel 
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Figure 1.8: The AL = ±1 processes that can influence umi and ub-l: (a) s-channel scattering N£ ^ qLta, 
(b) t-channel scattering Ntjt ^ qlI, (c) f-channel scattering Nql ^ tni. Here ql denotes the 3rd 
generation of the quark doublet. 




Figure 1.9: The AL = ±2 s- and t-channel scattering processes mediated by A'^. 

Ql^, Nqi <-> t^l (Fig. 11.8b . c) scattering processes that can alter the abundance of 
A'^i. For the evolution of B — L, in addition to these, there are also AL = ±2 scattering 
processes mediated by A^i (Fig. I1.9| l which can be important. 

Since CP violation in the decay of A''i is responsible for creating a nonzero B — L, 
it is convenient to parametrize the thermally averaged decay densities such that they 
encapsulate this information: 

7(iVi ^ ^) = l{U ^ iVi) = (1 + ei)7D , (1.119) 
7(iVi ^ l4>) = jii^ ^ Ni) = (1 - ei)7B , (1.120) 

where 70 is the tree-level decay density which is related to the rate given in (|1.99p . It can 
be easily checked that 

which is consistent with the definition of ei given in (ll.96p . 

Assuming that all particles except Ni,£ and £ are in thermal equilibrium (i.e. Ub = 
and that for all scattering processes j{aX — > y) = ^(Y — > aX) to good approximation, 
then one can put all these together into (11.1181) and obtain the following evolution equation 
for riNi ■ 



nm _ -I 

eq 



{lD + l^,s + 27^,t) + 0[ei,^^) , (1.122) 
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where -y^^g and 7,^ ^ are thermally averaged reaction densities for the s-channel and t-channel 
processes respectively, and is the chemical potential for The overall factor of 2 in 
front reflects the fact that there are two channels linking A''i to I and for each graph, 
while the extra factor of 2 for 7^^^ is due to the presence of two inequivalent t-diagrams . 

In the case of n^-L, the situation is slightly more subtle as there is a non-negligible 
CP violating contribution coming from the AL = ±2 s-channel scattering mediated by an 
on-shell Ni, which must be properly taken into account [94,96,97]. To this end, one needs 
to subtract the term corresponding to the real intermediate state for A''i from the full cross 
section of the i(f> <-> £(j) processes cj. Therefore, using the notations of (|1.119|) and (|1.120|) . 
we can write down the reaction densities for these AL = ±2 scatterings with the on-shell 
part subtracted as 

7(£<^ ^ = 7W ^ + ei7D = lN,s + eijD , (1-123) 
7(l(/. ^ £4>)s = i{U ^ - ei-iD = lN,s - ei-iD , (1-124) 

where subscript s denotes s-channel. To obtain the expression for ub-l, one must first 
write down the Boltzmann equation for and then subtract from it the corresponding 
one for n£. Applying the same assumptions as before and keeping all terms up to O (ei), 
the evolution equation for ub-l becomes c2 



+ 3HnB-L = -2ei 



eq 



ns-L 

ID -eq- 



dt 

where the reaction density for "washout" is given by 



lw + 0[el^) , (1.125) 



IW = 1D + —eq-l<P,s + 27<^,t + 2jn,s + 2lN,t ■ (1.126) 

The precise expressions for the amplitudes and cross sections which give rise to these 
reaction densities can be found in [96-100] [fj. In calculations however, it is often better 
to consider the time evolution of the particle number A/j, in some portion of the comoving 
volume i2^(t) which contains only one photon before the onset of leptogenesis, rather than 
number density rib. This change of variables will automatically take care of the effect due 



^'^See Appendix I A. 1 1 for more details on the derivation of Eq. I|1.122p . 
^^Recent discussions on how to handle this can be found in [96,97]. 
^^See Appendix [A2] for the complete derivations. 

^"it should be mentioned that [98-100] have miscalculated the CP violation contribution from the real 
intermediate state term of the £(j> I<f) processes, hence leading to a small overestimation of the washout 
effects. 
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to expansion. Alternatively, one can instead consider the normalised quantity: Yj, = 
where s is the entropy density, as many authors prefer to use (see for example [66]). So 
re-expressing (11.1221) and ()1.125p in terms of A/tvi, J^b-l while replacing the thermally 
averaged reaction densities with their corresponding reaction rates, we get [96, 100] 

^ = -2{Td + r^,. + 2r^,i)(AAjv, - AA^'I) , (1.127) 



cINb^l 



2eiTD{MN, - AA^'!) - TwMb-l , (1-128) 



where 

Tiy = T/) + j;J^^^,s + '^^<p,t + 2Tn^s + 2TM,t , (1.129) 

and we have dropped the (..) around the rates for brevity. From Eq. (|1.128|) . one can see 
that in thermal equilibrium, i.e. Mni = A/"^^ , any asymmetry in B — L will be washed out, 
confirming the earlier claim. 

This coupled set of Boltzmann equations may be solved numerically or (semi-) analytically 
by asymptotic methods. Either way, the conclusion is that for a wide range of seesaw neu- 
trino parameters, a nonzero excess of B — L can be generated [96, 100]. Explicitly, if one 
expresses the maximum baryon-to-photon ratio generated as 

ryg^'^-O.Dex 10"2|g^|^max^ ^^_-^3Q) 

with k]P^^ denoting the maximum final efficiency factor obtained from solving the Boltz- 
mann equations, and the pre-factor of 0.96 x 10~^ coming from the dilution due to imperfect 
sphaleron conversion and photon production before recombination then one may directly 
restrict the possible neutrino parameter space for successful baryogenesis via \ei\ (and to 
some degree because the reaction rates depend on the mass of A''! and the Yukawas). 
In the best case scenarios where a maximum efficiency factor of about k™^^ w 0.18 is 
achieved [96, 100], and assuming strongly hierarchical LH neutrinos, then one obtains a 
lower bound for the heavy RH neutrino mass Mi as 

Ml > 3.5 X 10^ GeV , (1.131) 

where we have used relation (|1.104p and taken the value of r]B given by (|1.59p . 

More generally, in many situations with Mi < 10^^ GeV, one has, to good approx- 



'See Chapter [2] for more details. 
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imation, ~ 2 x 10^^ [96]. This then imphes that a raw CP asymmetry of about 
|ei| ~ 3 X 10"^ is required for baryogenesis to succeed 

In summary, we have highhghted some of the essential features in quantitatively un- 
derstanding the classic leptogenesis scenario of [85] which has the type I seesaw setup as 
its backbone. Specifically, we have discussed the "standard" situation where the heavy 
RH Majorana neutrinos are strongly hierarchical. As a result, only the lightest of the 
three RH neutrinos, A^i, is expected to contribute significantly to the final asymmetry. 
This is because the B — L violating interactions mediated by A'^i would still be in thermal 
equilibrium when decayed away, and therefore any excess B — L produced by 
would be erased. When the A^'i's eventually decay out-of-equilibrium, an excess of B — L 
is created through CP violating loop effects. Subsequently, this excess is converted into a 
B asymmetry by SM sphalerons. 

The exact amount of B generated in this way depends crucially on the interplay between 
the decay and washout processes, as well as the raw CP asymmetry the neutrino model 
under consideration contains. By studying the Boltzmann evolution of the particle species 
and the explicitly calculating the loop diagrams, both of these crucial ingredients may be 
conveniently encapsulated into the efficient factor (k^) and CP asymmetry (ei) respectively. 
Consequently, variations to the standard scenario can be quantified by changes in these 
values. 

Over the years, there has been a dramatic increase in the sophistication of the quanti- 
tative analysis of leptogenesis. Many previously neglected effects such as thermal correc- 
tions [97], spectator processes [101,102] and, above all, flavor effects [103-110] have been 
considered in recent analyses. Other variations to the general scheme, including asymmetry 
production dominated by the decays of the second lightest RH neutrino N2 [114], resonant 
leptogenesis [117-122] and models with more than three heavy RH neutrinos [123], have 
also received attention. In the next few subsections, we will briefly mention some of these 
ideas which go beyond the standard scenario, and hint on how they may broaden the class 
of neutrino models that will lead to successful leptogenesis. 

1.4.2 Flavor effects in leptogenesis 

So far, when discussing the leptogenesis implications of the seesaw Lagrangian (|1.94p on 
pagelHH we have been exclusively concentrating on the effects from the last two terms and 



We shall make use of these ballpark figures in many of our analyses in this work. 
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largely ignored the presence of the first — the charged lepton Yukawa coupling: 2/^/3 ^a<P^(3- 
This approach of neglecting the charged lepton Yukawas o in the analysis of leptogenesis 
is sensible as long as the ambient temperature in which the significant part of the A^i 
evolution takes place is above 10^^ GeVo Otherwise, the Higgs mediated charged lepton 
processes in equilibrium will destroy the coherent evolution of the lepton doublets produced 
in the decays of Ni, leading to flavor effects [103-110]. 

To understand the issue, let us consider a generic lepton state |^(i)) produced by the 
out-of-equilibrium decay of A^i. In the previous section, what we have assumed is that the 
lepton state and its antiparticle counterpart which are some superpositions of flavor eigen- 
states |£q,), i.e. |^(i)) = 1^q.Cq|£q,), will undergo coherent evolution during the leptogenesis 
era, and as a result we have summed over the final state lepton flavors in arriving at ei. 
But in the presence of rapid Yukawa interactions lj for each lepton flavor a, the state 
1^(1)) would quickly decohere and be projected onto \la)- Consequently, it is the evolution 
of |£q,) (and not |^(i))) that matters, which in turn implies that the efficiency factor (k") 
is now flavor dependent as we must write down a set of Boltzmann equations lj for each 
lepton flavor a: 



dt 
dt 



(1.132) 
(1.133) 



where Qa = -B/3 — Lq, and P^^ ~ is the tree-level contribution to the flavor 

projector Pi which signifies the a-dependence in the washout term P^^w in p.l33p . In 
fact, we see that the raw CP asymmetry £ia, which is defined through ()1.96p . and related 
to El via 



(1.134) 



need not be the same for different a. 

All these extra features can now change the original leptogenesis picture in a non-trivial 



Strictly speaking, we have not completely ignored their effects as the conversion rate of SM sphalerons 
depends highly on whether this term is present or not. 
^*The more precise condition is given in [103]. 

^^Without loss of generality, we will work in the charged lepton diagonal basis. 

^^It should be noted that using the classical Boltzmann equations to analyse flavor effects due to de- 
coherence is only appropriate when we are in the "fully-flavored" regime, i.e. the charged lepton Yukawa 
interactions are either fully in (or out) of thermal equilibrium. Otherwise, the quantum decoherence effects 
must be studied using the density matrix formalism (See for example [104, 107-109]). For our purposes 
though the classical approximation will be sufficient. 

^'^ We delay the more detailed treatment of this to Chapter [2] where we study the implications of flavor 
effects on a speciflc neutrino model. 
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way. Firstly, one may imagine the situation where each individual eia is nonzero while 
their sum vanishes: ei = 0. As a result, in the one-flavor approximation (i.e. the standard 
scenario) no asymmetry can be generated, while in the case with flavor effects included, 
each lepton asymmetry in flavor a may evolve differently and conspire to give a nonzero 
overall result. This feature of ei = but eia 7^ appears, for example, in models with a 
CP conserving RH neutrino sector. To see this, it is helpful to work in the basis where the 
charged lepton Yukawa and RH neutrino mass matrices are real and diagonal. Then, the 
neutrino Yukawa matrix h (see Lagrangian (|1.94p ) contains all the necessary CP violating 
phases that may manifest themselves in leptogenesis. Using the single value decomposition, 
one can express matrix h as 

h = VLdiag{xi,X2,xs)vl^, G M , (1.135) 

where Vl,h are an arbitrary unitary matrices. This implies that the term of interest: 
{h^h)irn is given by ( Vr diag(xf , x^, x|) Vp ) , where Vl has noticeably disappeared. 
Since Vr is directly related to the RH neutrino mixings, the assumption that there is no CP 
violating phases in the RH sector implies that Vr must be real. Therefore, Im [(/i^/i)im] = 
and £1 vanishes by virtue of result (|1.97|) . However, for eia, one does not sum over flavors 
and instead of {h)h)im the term of interest becomes (in index form) 

KiKm = J2 (^L)aj m^k m,^ , (1.136) 

which is in general complex due to the presence of CP violating phases in Vl, and thus £ia 
need not be zero. Moreover, since the leptonic mixing matrix C/pMNS is tightly connected 
to Vl, this result indicates that for such model, successful leptogenesis must stem from low 
energy CP violations in the lepton sector, in contrast to the standard scenario where this 
direct link is absent for all viable neutrino models. 

More generally, even in models where both the LH and RH sectors contain CP phases 
that can lead to a lepton asymmetry, the dependence on the f/pMNS remains as long as 
flavor effects are important. This opens up the possibility of "directly" probing some of 
the parameters of leptogenesis in low energy neutrino experiments. By the same token, 
if leptogenesis is the correct theory for explaining the baryon asymmetry of the universe, 
then this flavored scenario can provide important constraints on the low energy Majorana 
phases beyond those imposed by neutrinoless double beta decay. In the wake of this 
connection, many authors have recently studied the implications of the phases in f/pMNS 
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on this leptogenesis scenario with or without any assumptions on the CP violating RH 
sector [110-113]. 

There are of course other modifications to the standard setup one may expect from 
the inclusion of flavor effects. For instance, the criteria for which initial conditions become 
important in the leptogenesis predictions may alter [110] and, in certain regimes, the lower 
bound on Mi shown in (|1.131|) gets relaxed by a factor of about 3 [107]. But one general 
conclusion is that by turning on flavor effects, the parameter space for which leptogenesis 
is successful becomes somewhat larger, although in some cases the predictions are highly 
dependent on the neutrino models employed. 

1.4.3 A'^2-dominated scenario 

One major assumption in the previous discussions on leptogenesis (with or without flavor 
effects) is that the final asymmetry is predominantly produced by the CP violating decay 
of the lightest heavy RH neutrinos, A''i. The justification for this relies on having a strongly 
hierarchical RH neutrino mass spectrum (A/i ^ M2 <^ M3) so that one typically has a 
situation where either the lepton asymmetry generated by A''2,3 is effectively washed out 
by processes mediated by Ni (i.e. k^^ <^ k\), or the raw CP asymmetry of the A''2,3 decay 
is naturally suppressed compare to that of A^i (i.e. |e2,3| <C |ei|), or both. However, this 
conclusion of A'^i dominance implied by the strong hierarchy in the RH neutrino masses is 
not actually universal for all neutrino Yukawa matrix structures, and there exists notable 
special cases where the asymmetry is primarily due to [114] l1- 

In order to identify the Yukawa structures which can simultaneously circumvent the 
suppression of 1^2 1 as well as the washout problem due to A^i, it is helpful to recast 

the Yukawa matrix h in terms of a complex orthogonal matrix, O, using the Casas-Ibarra 
parametrisation [115]: 

h = -^UpMNsDU^nDl{\ with n^Q = I, (1.137) 

-[^ /2 1/2 

where Dm = diag(-^mi, ^/m2, ^/ms) and = diag(vMi, y/A'h, yMj) with mi^2,3 and 
Mi^2,3 denoting the LH and RH neutrino masses respectively, while {(/)) is the Higgs VEV. 



^*It turns out that for hierarchical RH neutrinos, the A'3-dominate scenario is not actually possible 
(within the regime where initial conditions are unimportant) since any asymmetry produced by will be 
washed out by either A''i or A^2 mediated processes. If one tries to circumvent this by considering the case 
of very weak washout from all processes, then the model loses a lot of its predictive powers as the outcome 
will be strongly sensitive to initial conditions and the precise thermal history of the evolution. 
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In deriving (11.1371) . we have used the type I seesaw relation in the basis where the charged 
lepton and heavy neutrino mass matrices are real and diagonal, i.e. ttIj^ ~ —mo D~j^j rn^ 
with nil, = "f^pMNS ^PMNS ~ ^(^)- Pro™ definition (|1.137p . we then have 



Ik 



(1.138) 



1=1 



Another quantity of interest is the so-called effective neutrino mass associated with the 
processes [96,99,100,114]: 



"^fc = T7 = Z^'^l 1^^. 



lk\ 1 



A; = 1,2 or 3 



(1.139) 



1=1 



which governs the rate at which washout operates. It turns out that for Mi < 10^'^ GeV, all 
Ni related washout processes are to good approximation proportional to fhi [96,97,100], 
and hence it is a good measure as to whether washout due to A^i interactions are strong 
(mi » O (lO~^) eV) or weak (mi <^ O (lO"'^) eV) Therefore, by using definitions 
(11.1381) and (|1.139|) . it is easy to study the general behavior of £1^2 and Ni^2 washout 
effects as O (or the neutrino Yukawa matrix structure) changes. 

Note that after applying the approximation of p.lOip . the CP asymmetry due to A'^i 
decays becomes 



Analogously, the case for A''2 is 



3 
16^ 



mj^l 



Im[(/it/i)2J Ml 



(/it/i) 
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(1.140) 
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fl.l41) 



where the first term in (|1.14ip which involves x = M'^/M^ <C 1 comes from the approxi- 
mation: 



fv{x) + fsix) = 



1 - (1 x) In 



1 + x 



+ 



1-x 



~ 2^/x (1 -I- In ^/x) , for X <C 1 , 



(1.142) 



^We shall say more about this in Chapter [2] 
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and we have employed (jl.lOip like before for the second term which has x = Mj'/Ml ^> 1. 

With these expressions in hand, one can simply look for an J7 pattern which can min- 
imise I El I while keeping \e2\ non-negligible. It has been shown that for a hierarchical LH 
neutrino spectrum (i.e. mi 0), the following structure can achieve this aim [114]: 



/l \ 

n = 



^22 V^-^ 



(1.143) 



\0 -y/l-n'i^ ^22 j 



where O22 is an arbitrary complex number. Substituting this into (|1.138p . one immediately 
finds that {h^h)im = 0, and hence |ei| = 0. But it can be checked that this form of O does 
not lead to a vanishing \e2\ in general, and in fact a sufficiently large CP asymmetry is 
possible [114]. More importantly though, this asymmetry from would not be washed 
out by processes involving the lighter A'^i. This can be seen from directly evaluating p.l39p 
for A^i: 

mi = mi|Of;^| + m2|r22il + ^sl^iil j 
= mi , 

PS , since mi <C m2 <C . (1.144) 

In other words, fhi <^ O (10~^) eV, which means washout is very weak. So, with the 
neutrino Yukawa structure implied by (|1.143|) and hierarchical LH neutrino masses, A''2 
decays can be the main source of the final lepton asymmetry produced, leading to the 
so-called A''2-dominated scenario. 

One important consequence of this is that the lower bound p.l31|) on Mi is no longer 
present and it is replaced by an analogous bound on M2 which can significantly change the 
constraints on neutrino model building. In addition, when flavor effects are included, the 
prospect of a successful A''2-dominated asymmetry generation will increase. This is because 
typically washout processes from A''i are less effective as certain flavor projections of the 
asymmetry may be "protected" because of the flavor dependent property of the efficiency 
factors (see for example [116]). Secondly, in the flavored version of the raw CP asymmetry, 
|e2a|'s are not necessarily suppressed compare to |eia|'s even in general [110]. As a result 
of this enlargement of the applicable parameter space when flavor effects are considered, 
A'^2-leptogenesis could be more important than previously thought and perhaps as relevant 
as the Ni scenario. 
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1.4.4 Resonant leptogenesis 

Another way to go beyond the standard scenario of leptogenesis is to relax the condition 
that the heavy RH neutrinos are hierarchical. This possibility is logical as quasi-degenerate 
RH neutrinos are not excluded by any existing experimental data nor are they forbidden 
by the generic type I seesaw setup. Furthermore, as we shall explain below, an effect know 
as resonant leptogenesis [117-122] can occur when the mass splitting between two RH 
neutrinos becomes small enough, leading to enhancement of the CP asymmetry ej, and 
consequently, opening up new domains of applicability for thermal leptogenesis in general. 

Similar to other analyses of leptogenesis, the two main issues of concern here are the 
size of the CP asymmetry and the final efficiency factor. When considering the situation of 
Mj ~ Affc for j ^ k more closely, we first realise that, qualitatively, the washout rate must 
increase at T ~ ^ because L violating scattering processes mediated by Mj and 
would both be active, providing more ways to erase the generated asymmetry. Secondly, 
we note that when we analyse the expression for ej previously, we have either employed 
the approximation of M^/Mj > 1 as in (|1.101D or Mk/Mj < 1 in (11.1421) . However, a 
quasi-degenerate RH neutrino spectrum demands the condition of M^/Mj = 0(1), and 
hence the limits on Ej must be re-studied. 

By inspecting the form of the loop functions in (I1.98P which define Ej, we see that 
the most interesting behavior must come from the self-energy correction term, fs{x) as 
Mj — > Mfc since naively 



lim fs{x) = hm = hm , with x = M^/Mf , 

= 00. (1.145) 

The apparent erroneous conclusion suggested by (|1.145l) is a result of the fact that con- 
ventional finite-order perturbation theory, which this formula was originally derived from, 
does not take into account the unstable nature of the two RH Majorana neutrinos. To 
resolve this, one may follow the resummation approach of [117, 118, 122] where an addi- 
tional regulating absorptive term due to the finite decay width of Mj^k naturally emerges 
to eliminate such an unphysical outcome. The self-energy contribution to the CP violation 
parameter is then modified to [117,118,122] 



Im 



{h^hf 



jk 



2{Mf-Mi)M,T, 



- {h\h\ . Jh\h\. . fn^2 T^^2\'?. , ^],^2t-2' (1.146) 



{h'^h),,{h'^h)kk {Mf - Mlf + AMf r2 
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where j, k = 1,2 ov 2,3 (j / k) and 
level decay rate as defined in (|1.99p 

£ 



- {h'^h)jj Mj/IQ-K is the generalisation of the tree- 
3 Prom the expression of (I1.146|) . one can see that 



J ^ when Mj — > in accordance with the observation that the RH neutrino running 
in the loop must be different from the decaying one in order to generate an asymmetry 
(see discussion in Sec. I1.3.4p f^. 

More importantly, Eq. (|1.146|) indicates that the CP asymmetry will be enhanced 
provided that the mass splitting between the two RH neutrinos coincides with the region 
of mass parameters about which the Ej function peaks. Specifically, one requires 



\Mj - Mk\ ~ r 



(1.147) 



to maximise the resonant effect Hj. With this, one can see that if the Yukawa couplings 
are such that 

Im 



Oil) 



fl.l48) 



{h^h)j.j{h^h)uk 

then Ej can be as large as O (1), hence provide a lot more leverage for successful leptogene- 
sis. Indeed, the increase in washout due to the tiny mass gap between Nj^s will eventually 
saturate when the degenerate limit reaches a certain point [125], and the enhancement from 
resonant effects will be able to dominate the outcome. Consequently, given the substantial 
enhancement by resonant leptogenesis, some of the stringent constraints on the neutrino 
properties imposed by the standard hierarchical scenario may be evaded. Most notably, 
the lower bound (II 1311) on Mi is completely removed, leading to the possibility of TeV 
scale RH neutrinos ^ and TeV leptogenesis [121]. In SUSY leptogenesis theories, this is 
particularly advantageous as the upper bound on the reheating temperature (Tj-eh) due 
to BBN constraints on gravitino over-production, is often in conflict with the condition, 
?reh ^ -^j) normally required for the sufficient thermal generation of Nj^s which participate 
in L creation. Furthermore, N2- and even A's-leptogenesis are now easily achievable under 
this scenario, and hence the set of applicable seesaw models is significantly expanded. 



''"it should be noted that Eq. I|1.146p is only valid for a mixing system of two RH neutrinos. The 
generalisation to the three neutrinos case can be found in [118]. 

■'^The situation for the vertex contribution as Mj Mk is more subtle as each individual s]"*""^ A 0- 
However, it can be shown that ej'^'*"'" and e^"*'''^ become exactly equal and opposite when Mj Mk, and 
therefore the overall CP asymmetry will be zero as expected (see e.g. [122]). In addition, this implies that 
the vertex contribution cannot exhibit resonant behaviors for any region of the mass parameter space. 

''^Currently, there is a controversy surrounding the exact region of validity for this perturbative resum- 
mation approach. It has been argued in [124] that the exact resonant effect cannot be reached without 
violating the perturbative assumption. As a result, a different formula to l|1.146p has also been suggested, 
which changes the prediction of the CP asymmetry by typically a factor of O (10). 

''^Of course, a slightly different realisation of the seesaw mechanism may then be required [126]. 
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If flavor effects are included, yet more possibilities can be accommodated. For exam- 
ple, one may envisage a situation where one of the flavors (say a) for which the lepton 
asymmetry is predominantly generated in, is very weakly washed out while the Yukawa 
couplings between the other lepton families and some of the RH neutrinos can remain 
very large [119]. Then, this model predicts that lepton flavor violating interactions are 
potentially observable in the next generation of experiments. The reason that resonant 
leptogenesis is required in this setup is because normally (even with flavor effects) the CP 
asymmetry eia is necessarily suppressed if its associated projector Pia is very small (i.e. 
very weak washout in a) [108]. 

Certainly, this particular model and many that employ resonant leptogenesis can have 
the RH Majorana neutrinos to be as small as 1 TeV o and depending on their cou- 
plings to SM particles, collider signatures of them may also be accessible in the near 
future [119,121,127,128]. 



1 .5 Outline of our work 

As we have illustrated throughout this chapter, the observational evidence for nonzero neu- 
trino masses and cosmological matter-antimatter asymmetry provides a strong indication 
for physics beyond the SM. Although many proposals have been suggested, a particularly 
attractive way (in our opinion) of explaining both phenomena simultaneously is the in- 
clusion of heavy RH Majorana neutrinos which are electroweak singlets, to the SM. As a 
result, tiny neutrino masses can be generated by type I seesaw [43] while the problem of 
the cosmic baryon asymmetry is solved by thermal leptogenesis [85]. 

Given this setup, there is then an intricate connection between neutrinos properties and 
leptogenesis whereby the requirement for successful asymmetry generation naturally leads 
to limits on the masses and mixing in the lepton (or sometimes quark) sector. Therefore, 
it is of great interest to explore possible neutrino models based on type I seesaw that will 
allow leptogenesis to succeed. By the same token, it may be fruitful to investigate the 
implications of a given model, which has been specifically designed to address a different 
issue, in the leptogenesis context. 

With this in mind, our work involves studying several classes of neutrino models in 
the type I seesaw framework, which contain either new symmetries or interactions. The 



^■^The only lower bound on Mj here comes from the freeze-out temperature (~ O (lO^) GeV) of sphaleron 
processes, below which an L asymmetry cannot be converted into a B asymmetry. 
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main focus will of course be on their leptogenesis credentials, however, other important 
phenomenological issues such as implications on neutrino masses and mixings, as well as 
collider signatures will also be discussed where appropriate. 

The first part of our work is a comprehensive analysis on special types of seesaw models 
with abelian family symmetries as proposed in [129]. The original motivation for these 
models is that they contain fewer overall free parameters than the default type I seesaw 
setup, hence making the theory more economical. However, no previous studies have 
been done on the possible cosmological implications of these models. Therefore, we shall 
investigate in Chapter [2] the viability of these models in leptogenesis 

Continuing the theme of flavor symmetries, in Chapter O we explore how they can help 
constraining the seesaw sector in neutrino mass models such that it is completely deter- 
mined in terms of low-energy mass, mixing angle and CP violating phase observables . 
Given that leptogenesis is highly dependent on the properties of the RH neutrinos, having 
a model that can predict the otherwise arbitrary parameters in this sector is obviously ben- 
eficial. In addition, their connections to low-energy oscillation parameters provide a direct 
way to probe the elements of leptogenesis through current and future experiments. Af- 
ter explicitly building some representative models, we will discuss their phenomenological 
consequences, including the conditions under which leptogenesis can be successful. 

In Chapter m we shift our attention to the electromagnetic interactions between the LH 
and RH neutrinos o It is known that neutrino masses and mixings imply the existence of 
neutrino electromagnetic dipole moments. So, the inclusion of heavy RH neutrinos to the 
SM as in type I seesaw then naturally gives rise to new transition electromagnetic moments 
involving both LH and RH neutrinos. Since these new interactions are potentially CP 
violating, a lepton asymmetry may be generated through the out-of-equilibrium decays of 
the heavy RH neutrinos via this channel, in analogy to the standard mechanism mediated 
by Yukawas. Consequently, our aim is to show that leptogenesis via such electromagnetic 
processes is possible by explicitly calculating the CP asymmetry coming from the transition 
moments. Also, a comparison between this "electromagnetic" version of leptogenesis with 
the standard scenario will be included. 

Finally, we conclude our entire work in Chapter El 



This part of the work is related to Publication 1 listed on page 11571 
This part of the work is related to Publication 3. 
This part of the work is related to Publication 2. 
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Important comment on notations 

It should be noted that the same symbol appearing in different chapters/sections may not 
always have a common meaning. Owning to the fact that there are only a finite number 
of conventional symbols, letters or accents available, and that only certain symbols are 
meaningful for a particular purpose (e.g. i to denote \/— T or p to denote 4-momentum 
etc.), it is inevitable that some of them will have to be re-used in a different context. This 
is unfortunate but often necessary in order to ensure clarity of presentation within each 
chapter/section. For example, we often use rui to denote the mass of the ith LH neutrino 
while in some generic context it may simply mean the mass of particle species i. In order 
to avoid confusion, we will often reiterate the definition a symbol even though it may still 
have the exact meaning as previously defined or it may seem obvious from the context. 

Moreover, in some cases, the same quantity may be represented differently in different 
chapters because of the proliferation of similar symbols. We have made such conscious 
decisions to ensure the presentation is less confusing within each context. 



Chapter 



2 



Abelian family symmetry and 

leptogenesis 



h i 1 e the SM (with or without neutrino masses) has been very successful in ex- 
plaining the dynamics of subatomic particles, it is not without its shortcomings. 



V V A typical example is its inability to predict quark and lepton masses. Such pa- 
rameters are put in by hand using data from experiments. Altogether, there are almost 40 
free parameters in the SM extended to include three RH neutrinos, with some 21 of them 
in the lepton mass sector alone [130]. Therefore, from the model building point of view, it 
is natural to look for ways to reduce the number of variables. 

Given that the proliferation of masses and mixing parameters is the result of quarks 
and leptons having more than one family, a symmetry that governs the inter-family relation 
provides an excellent starting point in understanding their values. Moreover, since masses 
are generated by the Higgs mechanism, scalar fields that couple to the SM fermions, and 
their subsequent spontaneous symmetry breakings can play a role in determining the free 
parameters of interest. Hence, it is not unexpected that both the enlargement of the SM 
symmetry and of the Higgs sector are the cornerstones of many models which try to explain 
the masses and mixings [24,26,27,129,131,132], even though not all of them end up being 
more economical than the minimally extended SM. 

Our focus here is on a very special class of type I seesaw models which has an abelian 
family symmetry and an extra real Higgs singlet added to the SM [129]. Because of the 
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interplay between the new ingredients, these models predict a fully hierarchical LH neutrino 
spectrum, and ^13 = in the PMNS matrix as implied by the "bi-large" mixing pattern 
(see Sec. I1.1.4|) . More importantly, they contain fewer free parameters than the default 
seesaw setup [129] 0. Thus, given their relatively economical nature, it is interesting to see 
if these models carry additional benefits. Specifically, our aim is to check whether these 
models can maintain the ability of the standard seesaw to solve the baryogenesis problem 
via leptogenesis. 

With this motivation in mind, our investigation begins with an outline of these neu- 
trino models with abelian flavor symmetry. It serves to highlight all the key features, as 
well as to recast them in a form suitable for later discussions. For definiteness and ease of 
comparison with standard leptogenesis, we assume that the heavy RH Majorana neutrino 
masses, which are unspecified by these models, are hierarchical (i.e. Mi <^ M2 <^ M3). As 
a result, the final L asymmetry will be assumed to have come predominantly from the de- 
cays of A^i, the lightest RH neutrino. Our analysis will make use of various existing results 
and attempts to draw comparisons where appropriate with the aim of deducing whether 
these specific neutrino models may favor certain regimes or predict significant deviation 
from the standard scenarios of leptogenesis with and without flavor effects. 



2. 1 Models with abelian family symmetry 

As hinted earlier, the first step towards reducing the number of free variables in the seesaw 
setup may be achieved by increasing the symmetry of the Lagrangian. To this end, the 
SM group is extended to: 

G = SU{3), (g> SU{2)l ® U{1)y x GfemOy, (2.1) 

where Gfamiiy is a leptonic family/flavor symmetry. However, it has been shown in [24] that 
models with an unbroken family symmetry and just the SM Higgs doublet do not have more 
predictive powers than the default seesaw. Therefore, one sensible move is to expand the 
Higgs sector at the same time although it should be noted that other ways to circumvent 
this problem exist. In the work of [129, 131], effects of abelian family symmetries with 



^It should be noted that depending on which sub-class of the models in [129] we are considering, the 
reduction in parameters will be different (varying between one to seven). Also, in one instance, there are 
only two RH neutrinos being added to the SM. For this case, the overall number of variables is one less 
than the standard seesaw with two RH neutrinos. 
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additional Higgs singlets, doublets or triplets on certain features of the C/pmns matrix □ 
were studied. It was found that the simplest models that can predict ^13 = contain one 
extra real Higgs singlet which transforms non-trivially in family space. The setup of these 
models in the leptonic sector is summarised as follows. Suppose the lepton Yukawa and 
mass terms are given by 



is the LH lepton doublet while and ur are the RH charged and neutral lepton singlets 
respectively. The SM Higgs doublet is denoted by <^ = {(ff^ ^ctP)'^ , with its charged conju- 
gate as <^> = ia2^* , while x is the newly included real singlet scalar field. Then, the action 
of the family symmetry, Gfamily, on the SM fields and the new singlet demands that the 
full Lagrangian is invariant under the unitary transformations: 



L SlL , Ir Sij^iR , UR Syj^VR , $ 5"$$ and x ^ S^x , (2-3) 



in family space. These transformations have the ability to restrict the coupling matrices to 
certain forms such that the e3-component of the C/pMNS matrix is zero, or in other words, 
^13 = [129] It should be emphasized that in (12. 2|) . the inclusion of the Mbare-term, 
as well as the x-term for generating the RH Majorana masses is essential (assuming the 
symmetry transformation properties displayed in (|2.3|) ) for it turns out that the absence of 
either of them will lead to mixing parameters that are ruled out by current experiments. 
For instance, removing the Mbare-term from (j2.2p will force the solar mixing angle 612 to 
maximal, which is incompatible with the best-fit data (see p.l2|) on page [7} . 

One possible representation of the set of transformations in (|2.3p and their associated 
abelian fiavor symmetry is shown in Table EH] The corresponding coupling matrices (writ- 
ten in the same basis) induced by these transformations are presented in Table 12.21 It can 
be seen from Table 12.11 and 12.21 that the desire property of f/es = can be achieved by 
models with only two RH neutrinos. This is evident from the vanishing third column of 
Yy in Case 1 of Table 12.21 Therefore, in this case, the third RH neutrino {N^) is actually 
decoupled from the LH sector, and it may be removed from the theory without changing 
the overall prediction. In fact, this (Case 1) is then reduced to Case 3. As a result of 



■mass 




where Yp 



, yjy, and Mbare are complex coupling matrices in the flavor basis. L = 



^For brevity, we often write U instead of (7pmns in this chapter. 

^ We have assumed the parametrisation of Eq. I|1.2p on page S] for the !7pmns matrix. 
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7 (cf. default with 3 i'rs) 
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(I Q 0) 
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X ~^ ~x 


Z2 


3 (cf. default with 3 i'rs) 


3 


1 


fl 0) 

0-10 
Vo -ij 


1 


G -0 




Z2 


1 (cf. default with 2 urs) 



Table 2.1: Diagonal representation of the transformations in flavor space that gives Ue3 = for the model 
with three or two (in Case 3) RH neutrinos. Here Z2 and Z4 denote the discrete cyclic group of order 
2 and 4 respectively. In the last column, the reduction of free parameters as compared to the standard 
seesaw setup for each model is stated. 



Ye 











X 
X 





X 
X 



Table 2.2: Coupling matrices generated by the transformations in Table I2TT1 where " x" denotes an arbitrary 
complex entry. Note that and Mbare are symmetric matrices. 



this equivalence between Case 1 and 3, we can safely assumed that all of these models 
contain three heavy RH neutrinos when conducting our analysis in leptogenesis as we will 
be interested in the A''i-dominated scenario only. 

Another note is that while these models keep the atmospheric mixing angle, 6*23 and the 
solar mixing angle, 9i2 as arbitrary inputs, overall they contain less free parameters than 
the standard seesaw picture despite the more complicated Higgs sector. One reason for 
this is that the texture zeros in the coupling matrices together with the seesaw formula @ 

~ -mDM-\mDf , (2.4) 
give rise to a light neutrino mass matrix tjIi, (in any basis choice for and Mr) which 



■^This was first discussed in Sec. 11.2.31 
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X 








X 





X 


X 


X 


X 


X 


X 


X 


X 


X 






Table 2.3: The structure of the coupling matrices: Yi, in the family basis and hi, in the mass eigenbasis 
of the charged leptons and RH Majorana neutrinos for Case 1 to 3. In general, "x" denotes an arbitrary 
complex number. 



has the following form: 



^ ai a2bi 
\a262 03^1^2 



0262 ^ 
036162 



where ai , 02 , 03 , 61 , 62 G 



(2.5) 



which then predicts that one of the Majorana mass eigenstates of the light neutrinos to be 
massless. In (|2.4I) . we have friD = Y,y{^) and Mji = Y^{x) + Afbare, where and (x) are 
the VEV of fields $ and x respectively. 

For better illustration and subsequent discussions, it is convenient to rewrite the La- 
grangian of (|2.2p in the mass eigenbasis of the charged leptons and heavy RH Majorana 
neutrinos: 



(2.6) 



where i = and e are the charged lepton doublet and singlet respectively. We 

have defined the heavy Majorana neutrino field: = {u'j^ + v'^')l\pl . Subsequently, 
the charged lepton mass matrix is given by = diag(me, m^, mi-) = hi{^), while for the 
heavy neutrinos, the diagonalised mass matrix is Dm = diag(Mi, M2, M3). Although rrit^ 
produced via the seesaw formula (|2.4p is unaffected by the basis change, in general, h^, in 
(12. 6p would have texture zeros different from Yi, (in fact, the texture zeros would disappear 
in most cases; see Table [2?3]) . Using U = f/pMNS to diagonalise rtii, and choosing the sign 
convention that Dm = — Wm^U*, one obtains Dm = diag(mi, 777,2, 7713), where rrii denotes 
the ith light neutrino mass. 

Since 7?7i = (or 7773 = for inverted hierarchy) in these models, we have a strongly 
hierarchical LH neutrino mass spectrum, and the values for TTij's can be evaluated using 



^In general, v'^^ ^ v (the mass eigenstate for light neutrinos), v'l^ and v'j^ are new fields from the change 
of basis. 
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Eqs. (fTTn]) and (fLTTIl as 

1712 = "T-sol ) 1^3 = "^atm > = 0, normal hierarchy) (2.7) 



mi = v/"i^^jjj — TTiggj , m2 = matm J = 0, inverted hierarchy) (2.8) 



where rrisoi = y |Amggj| w 9 x lO"'^ eV and matm = y |^"^atm| ~ ^.05 eV from the best-fit 
values shown in p.l3|) . It must be added that all the results presented so far remain valid 
under one-loop renormalisation group running [129]. 



2.1.1 Parameters fine-tuning 

In order to make these models workable, the Higgs sector was expanded to accommodate 
the real singlet x- Its addition has inevitably introduced a new energy scale, (x), to the 
theory. Since Mr = Y^{x) + Afbare depends on this, it is essential to understand the 
implications of the scale of (x) in relation to other parameters in the model. The most 
general and renormalisable Higgs potential incorporating x is given by 

V{^, x) = + ^A$($t$)2 + i/i^x' + \\xX^ + /^*x(^^'^)x' , (2.9) 

where and ^-^ are in general functions of temperature (T). Also, if the potential is to 
be bounded from below, then /i^^^- > — y^\$A^/2. 

From the seesaw mechanism, we expect that (x) ^ {^) , and hence, Tc^^ » Tc^^ ~ 
O (lO^) GeV, where Tc denotes the critical temperature for symmetry restoration. In fact, 
one would need Tc^^ > Tj-eh, the reheating temperature, so that any topological defects 
(domain walls) created by the spontaneous breaking of the Z2 discrete symmetry of x can 
be eliminated via inflation. The required hierarchy, (x) S> (<&), is ensured (to tree-level) if 
11^-^ 0. This can be seen from the tree-level minimum condition for ()2.9I) : 

= -A$(«>)2 - 2fi^.^{xf , (2.10) 
A^x = -^xixf - 2^$x(^)' • (2-11) 

If O (A$) ~ O (Xy^) = O (1), then guarantees that /i$ remains at O ((<I>)^). In 

this limit, it also means that <l> and x fields are decoupled from each other. 

Because in the typical thermal leptogenesis analysis it is usually assumed that the 
reheating temperature (Tj-eh) after inflation is larger than the mass of the decaying heavy 
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neutrino Mj, so we demand: □ 

Tc,x > Treh > » T,^^ . (2.12) 

This relation implies that must be suitably fine-tuned so that Y^{x) — O (Mj). In other 
words, elements of cannot be arbitrarily small, and as a result, radiative corrections to 
the potential V{^, x) due to x's coupling to other fields in the model may destroy the hier- 
archy between ($) and (x) ■ This presents a notable drawback for this class of models and 
thus the benefit of parameter reduction is not unconditional. Nonetheless, for the purpose 
of our investigation, we shall work in the assumption that such stability problem and any 
additional fine-tuning of the framework will be inconsequential to our main discussion. 



2.2 Implications in standard leptogenesis 

In order to understand the potential implications of our specific models on leptogenesis 
predictions, it is helpful to first recall all the elements of the standard scenario and recast 
them, where appropriate, into the notations introduced in this chapter The key relation 
that captures the dependence of the predicted baryon-to-photon number ratio (775) at 
recombination time on the elements of thermal leptogenesis can be written as 

3 
i=i 

~ deiK\ , (A''i-dominated case) (2-13) 

where d is the dilution factor that accounts for the partial conversion of the generated excess 
B — L into rjB through sphaleron processes, as well as the increase of photon number per 
comoving volume from the onset of leptogenesis to recombination; Ej measures the CP 
asymmetry in the decays of Nj and is defined by: 

, ^ r(iv,^£c|>)-r(iv,^£i) ^ r, - r, 



^This restriction is only important if one wants to minimise theoretical uncertainties. In certain regimes, 
this may be relaxed without any appreciable change to the predictions. The decaying neutrino Mj refers 
to the one that dominates the L asymmetry generation which is N\ for our investigations here. 

'^It also serves to provide more details on the quantitative issues regarding the leptogenesis analysis, 
some of which we have skimmed through earlier. 
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while K^- represents the (final) efficiency factor iox B — L production from Nj decays which 
takes into account the initial conditions and the dynamics of particle interactions in the 
leptogenesis era, in particular, the interplay between decays, inverse decays and AL / 
scatterings. Hence, there are potentially three places where our models may modify the 
overall rjB prediction. We shall discuss each of them as follows. 

2.2.1 Dilution factor 

As hinted towards the later part of Sec. 11.4.11 to track the time evolution of the number 
density of a quantity, X (eg. Nj^ B — L or i?), in an expanding universe, it is convenient to 
consider the number of particles, Mx{t), in a portion of comoving volume {R'^{t)) that con- 
tains one photon at some time t' ^ iiepto where tiepto denotes the time at the onset of lepto- 
genesislfl. The conventional number density is then related to this viaMx{t) = nx{t)R^{t). 
We choose the normalization for R^{t) such that in relativistic thermal equilibrium, it con- 
tains on average A/'^(t <^ ^lepto) = 1 heavy RH neutrino. So, for the baryon-to-photon 
ratio at recombination time (i.e. the ratio observed today), we have the relation: 

A/''y(ti-ec) 

where tree is the recombination time while AAjj denotes the final B excess after the leptoge- 
nesis era and with sphaleron effects already accounted for. In the simplest case of constant 
entropy and assuming standard photons production from t' to treo one has 



AA-,(W) ^ 4 ^ gm ^ 4 ^ 434/4 
?*(W) 3 43/11 



X — ^ PS 37 . (2.16) 



Note that J\f-y{t') = 1 by definition. The pre-factor of 4/3 originates from our choice 
of normalisation and gUt) is the relativistic degrees of freedom at time t . In (|2.16l) . 
we have already assumed the A''i-dominated scenario for leptogenesis in taking gs{t') = 
427/4 -|- 7/4 = 434/4 which is the degrees of freedom from all SM particles and A^i only. 
ffs(^rec) is equivalent to ff^(^today) which is given by 2 -|- 21/11 = 43/11 and accounts for 
the contribution coming from the relativistic photons and the three generations of light 
neutrinos (see for example [66]). 

Up to this point, the calculation is as per usual because the only new particle in our 
models is the physical Higgs which is expected to gain mass at a very high energy (Tq -^^, 
and by the time i', it would have become non-relativistic. Although one can argue that 



*This is usually corresponds to the time when temperature T ~ Mi for the A''i -dominated scenarios. 
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since Mh-^ depends on A^^- (which is unspecified), the mass of H-^ cannot be determined. 
However, as in Sec. 12.1.11 we may assume that O (A^) ~ O [X^) = 0{1), which is not 
unreasonable if one expects to find the Higgs {H^) at the TeV scale. As a result, this 
implies that Mh^ — O ((x)) would be very heavy. Besides, even if Hy. is included in the 
calculation of g*s{t')^ the numerical value only differs from (|2.16p by less than 2%. 

Another important element that contributes to the dilution factor comes from the 
imperfect conversion of N^b-l '^^^^ -^B- -^^ simplified picture which assumes that 
sphaleron processes are mostly active after the leptogenesis era, one can use the standard 
sphaleron conversion factor of Ogph = MbI-N'b-L = 28/79 in models with only one Higgs 
doublet [83, 84] [f]. Then, the dilution factor is given by 

28 1 

J= — X — w 0.96 X 10~2 , (2.17) 
79 37 ' ^ ' 

where we have combined with the result from (|2.16p . For a more thorough analysis when the 
combined effect of all spectator processes [101,102] in the plasma (eg. Yukawa interactions, 
QCD and electroweak sphalerons) is taken into account, the resultant value receives a 
20% to 40% enchancement or suppression [102] depending on the specific leptogenesis 
temperature Tiepto assumed Hj. The astute reader may have realised that this temperature 
^lepto is the same that will dictate the importance of flavor effects in leptogenesis . But 
in order to avoid confusion, we shall not elaborate on it here. It suffices to say that the 
change in the conversion rate comes about because the chemical potential for particles in 
thermal equilibrium are modified during leptogenesis, and not all of these potentials are 
independent as there are SM and sphaleron interactions relating them [83,84]. As a result, 
the final value for Cgph can be slightly different from the naive calculation. 

Applying these ideas to our models, it is not hard to see that Cgph receives no significant 
modifications from the existence of H^. This is because interactions such as ^ ^j^j 
and NjNj <^ Nf^Ni^ (see Fig l2.1b -c) do not change A/l or A/^ in the plasma, while processes 
like: £"3> ^ H^Nj (Fig. 12. Id ) cannot be in equilibrium for most temperatures due to the 
heaviness of Nj and H-^. Furthermore, even if is light, the potentially relevant four- 
particle interaction H^H^ which can change A/^ (and hence A/l) is impotent since 
//$^ — > 0. Therefore, we can conclude that our specific models have essentially the same 



^This factor is somewhat different if electroweak sphalerons remain in equilibrium until slightly after 
Tc,* [133]. Note that this case is highly probable because the electroweak phase transition seems to be not 
strongly first order. However, this is an issue that will affect not just our neutrino models but all models, 
and so it will be inconsequential to our comparison here. 

^"The dependence on temperature is originated from the fact that an increasing number of Yukawa or 
sphaleron processes comes into equilibrium as T decreases. 
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Figure 2.1: Examples of new interactions involving H^, Nj and other SM particles. 

dilution factor d as the standard seesaw model whether or not spectator processes are 
considered. 



2.2.2 CP asymmetry 

While dilution d and efficiency factor k^- govern the portion of the generated asymmetry 
that would survive after the entire process, it is the CP and L violating decays of the 
heavy neutrino {Nj — > or 1^^) that give rise to such asymmetry in the first place. The 
size of this quantity is controlled by the so-called seesaw geometry [114] and in general 
highly dependent on the neutrino Yukawa structure. Using the notation of (|2.6p . we first 
note that the tree-level particle and antiparticle decay rates are identical (as expected): 

r,=T, = ^J^M,, (2.18) 

and so no asymmetry is generated at this level. Recall from Chapter [T] that the leading 
contribution to ej must come from the interference of the one-loop vertex and self-energy 
corrections with the tree-level coupling (see Fig. 11.71 on page 1^51) . With the appropriate 
change in notations from Eq. (|1.97p . we have [90-92] 
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where fv{x) and fs{x) are given by 



fv{x) = ^/x 



1 - (1 + x) In 



1 + X 



and fs{x) 



1 - X 



(2.20) 



which denote the vertex and self-energy contributions respectively. For j = 1 and in the 
limit of hierarchical RH neutrino with Mi <C M2,3 (i.e. x » 1), we have 



fv{x)+fs{x) 



2^ 



Therefore, the CP asymmetry for A''i decays in this limit is given by 



£1 



3Mi 



IQ-K{hlhy)ii 
3Mi 

11 



Im {h^hy 



)lk 



Mk ' 



Im 



[{hlKD~}hlhl)ri 



(2.21) 



(2.22) 
(2.23) 



Invoking the Casas-Ibarra parametrisation [115], hy in (|2.23p can be expressed in terms of 
the complex orthogonal matrix O: 



-[^ /2 1/2 

where rriD = D„i = diag(Y/r7j7, y^rn^, v^rni) and Dj^j = diag(v^Mi, v^M2, VM3), 

with all other symbols as defined in Sec. 12.11 As in Chapter [TJ we shall adopt the sign con- 
vention such that Dm = —U'^rriyU*. Using (|2.24l) in (I2.23P and after some manipulations, 
one gets [115] 



ei 



3Mi Efc^^lM^L) 

16^(<l>)2 Y.kmk\^li\ ' 

SMirriatm at ~ r.2 ^ 
■ p(?7T,i, mi, iZ 



kll ) 



167r($)2 

where we have introduced the dimensionless quantity [114] 

/3(mi,mi,fi^i) = ^ , 



E."^ilm(J^l 



fcl^ 



W-atm "il 



(2.25) 
(2.26) 



(2.27) 
(2.28) 



Here m\ is the effective neutrino mass associated with A''i decays and its definition is 
shown in (|1.139p on page dJl For the purpose of the current analysis, we may assume 
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that fhi and Mi have been fixed due to other considerations such as the washout regime 
selected or the potency of flavor effects. Then, it can be easily seen that the size of the 
CP asymmetry is controlled only by mi and the configuration of the three ^li's (which 
are neutrino model dependent). Note that even though the J^|^'s are generally complex, 
the orthogonality condition {J2k^ki ~ ^) ™eans that only 3 real independent parameters 
are needed to specify them. Moreover, since the numerator of (|2.28p depends on the 
imaginary part of ^1l^ only 2 of these 3 parameters will manifest itself in /3{mi,fhi,Qli) 
when fhi = Xlfc^^fcl^feil ^ constant. 

In the light of this, it is convenient to define = Xk + ilfc, where Xk,Yk S M. 
Moreover, in order to analyse both the normal and inverted hierarchy cases at the same 
time, we introduce a new subscript labeling system for the light neutrino masses: 
such that m(i) < m(2) < ""^(3) is always obeyed. In other words, we identify 

771(1) = 7771 5 iTT-{2) = "^-2 5 ^(3) ~ ™3 ' ^^r normal hierarchy , (2.29) 
777(1) = 7773 , 777(2) = "^1 i "^(3) = ^-2 , for inverted hierarchy . (2.30) 

The corresponding squared orthogonal matrices are rewritten as J^^^)i = ^(fe) + iY(^k) so 
that we have fhi = Y^^^f^^ m^f,)\^fk)i\ ^^fc)i = ^■ 

In this new notations and using the orthogonality condition, (|2.28j) becomes 

^ 777(1), 7771, fi(^) J = • 2.31 

^ ' ^ ' r77atm"7l 

For a typical analysis, one is interested in which form of 0(^^-^'s will yield a maximum CP 
asymmetry given fixed values for 7n,(i) and fhi. Thus, it is useful to ascertain the upper 
bound mi on /3 ( 777(i), mi, $7^^^-^). To this end, we break up the dependence on 777(i), 777i and 
^f^i^^i and introduce an effective leptogenesis phase 6l as follows [93,114,134,135] 

^(777(1), 7771, J7^^)^) = /3max ("7(1), 7771 ) sin 5l , (2.32) 

= /3i (777(1) )/?2 ( 777(1), 7771 ) sin (5l, ) (2-33) 

where 6l is in general a complicated function of 77i(i), 777i and ^f^j^-^i- /3max < 1 represents 
the maximal value for /3 given a particular m(i) and fhi, while Pi is the upper bound for 
P when 777(1) is fixed. If fhi is also fixed, then P2 provides the necessary correction to Pi. 



Without loss of generality, we may adopt the convention that the CP asymmetry is positive and hence 
the lower bound is given by < /3(m(i), mi, 
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By carefully analysing (I2.3ip . one finds that [93, 114] 

= ■ (2.34) 

To get /32, one observes that for a generic Q matrix, a configuration that maximises /3 while 
keeping fhi the same is achieved when ^^^2)1 ~ ^ [H^]. This allows one to rewrite (12. Sip as 

/3 = ^ ^ ^ , (2.35) 
>"(3)m sin (5L(mL -ml.) 



^LJUilli , (2.36) 

matm mi 

where ^(3)m is the maximum value of 1^(3) when 0^2)1 = 0- By putting ([TSSl) . and 
(12.361) together, one gets 

pi smoL mi ^ ' 

In general, i^(3)m will depend on the light neutrino masses. For a fully hierarchical neutrino 
spectrum, i.e. = (like our specific models), we have j3i = /ra(3)/?7T.atm and /32 = 1 

(with X(2) = Y(^2) = -'^(a) = and ^(3)m = "ii/"^(3)). Furthermore, if the hierarchy is 
normal, /3i = 1 as m(3) = matm (see (12.71) ). 

Applying this decomposition of the CP asymmetry to our models, it is then straight 
forward to deduce the specific predictions coming from the structures of hy presented in 
Table E^Ih. To begin with, we note that in Case 2, the corresponding Q. matrix is arbitrary 
since all entries of hy in this case are unconstrained by the symmetry. As a result, from 
the above general analysis, it is certain that Case 2 has enough parameter freedom to 
produce a sufficient CP asymmetry for the leptogenesis purpose, and in fact it predicts 
no additional restrictions other than those implied by the model independent analysis on 
fully hierarchical LH neutrinos. 

The situation for Case 1 is slightly different as there are texture zeros in the matrix h^. 
To study the behaviors of given this hi, structure, it is better to replace all zero entries 
with an infinitesimal parameter and so we have 



^Wii W12 

W21 W22 Q 
\w3i W32 gj 



where Wij G C . (2.38) 



^^We shall ignore Case 3 for it is effectively identical to Case 1. 
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Using (I2.24p . the complex orthogonal matrix then has the form (If 



w'21/ \/rri2Ml w'22l\pm2M'2 1^23 Q/^/m2M-i 



(2.39) 



\w'^^/ y/m^Ml w'j_2Nra-iM2 w'^^ q / y/m^Kh J 



where w'^ is an arbitrary complex number. Note that we have kept all m^'s and Mj's as 
variables and only assumed f/es = in deriving this. For definiteness, let's assume the 
normal hierarchy V\ and so in the limit — > 0, one can immediately conclude that entries 
^23 1^33 because m2,3 and M3 are finite and nonzero. On the other hand, since this 
model predicts rrii = 0, hence at first glance, f^ia is indeterminate while On and Vli2 are 
infinite as mi, — > 0. But by appealing to the orthogonality condition, both issues can be 
resolved and O simplifies to 











\ n 



"31 





-^^31 







where l^si G 



(2.40) 



nl 0/ 



It is interesting to note that this orthogonal seesaw matrix is identical to the special 
form derived from models with M3 00 [136-138], or analogously models with only two 
RH neutrinos. Therefore, this further illustrates that Case 1 and 3 of our models are 
phenomenologically equivalent. 

The only distinction between these generic models and ours is that (|2.40p is originated 
from the Yukawa couplings and family symmetry (which gives mi = as a by-product) 
rather than the imposition of AI-^ 00. Hence, the constraints from our Case 1 on the 
CP asymmetry and their subsequent implications in thermal leptogenesis would be very 
similar to those models with only two RH neutrinos [139]. 

Firstly, for this case, mi is bounded from below as 



mi = m(2) 



1 



02 I 
^'(3)ll 



+ "^(3) I ^(3)1 1 ; 



(2.41) 



where we have used the generalised version of (|2.40|) . which takes care of both normal and 
inverted cases, in the definition for mi. So when |^^(3)il ^ 1, then mi ~ m(2) whereas 



^^Note that we have momentarily switched back to the original notations to avoid the need to displaying 
the two hierarchical cases separately. 

^^The corresponding conclusion for the inverted case will be the same with the only change coming from 
the relocation of the O's and 1 in Q,. 
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when |^^^3);^| ^ 1, then fhi ^> m(2). Thus, we have fhi > w,(2)- It is worth mentioning 
that in the previous case, we can safely set X(^2) = ^(2) = ^(3) = in order to maximise (32 
which leads to the relation: fhi = rn(^^)Y^^-^^, and hence no bounds on fhi, whereas in the 
current case, X(^2) ^iid ^(2) ^tre no longer arbitrary. This is due to the fact that r2(i)i = 
and thus the freedom to change X(^2) and Y(2) while keeping fhi constant has been lost. 

Secondly, the reduction in free variables in allows us to consider the function (3 for 
this model directly which has become 

p = ^^-^ , (2.42) 

"latm mi 

with 



mi = m(2)^(l - X(3))2 + + m(3)^X23) + , (2.43) 

where we have imposed X(2) = 1 ~ -^(3) and Y(^2) = ~^(3) (from orthogonality). As a result 
of the bound: fhi > m(2), the size of /3 (and hence the CP asymmetry) is very sensitive 
to the size of 1^(3) . This is because when fhi is unbounded, Y(3) » 1 and y(3) ^ 1 lead to 
fhi ^> 1 and fhi <^ 1 respectively and so /J (which is proportional to Y(^^)/fhi) approaches 
the same limit (~ 1) for both situations, whereas in (|2.42l) we have instead 



(m^g - ) 
p = — — X < 

"latm 



^(3) 



m 



^(3) 



. (m(3) +m(2))y(3) 



ify(3) «X(3) « 1 , 

mfQ) — 171(2) 

^ ^ ifY(3)»X(3)»l. 



(2.44) 

Therefore in order to obtain maximum CP asymmetry, fhi must be very large. However, 
this is potentially detrimental to the success of thermal leptogenesis because fhi » 1 also 
implies large washout rates (see next subsection). Therefore, fhi would actually be upper 
bounded. Fortunately, Mi also dictates the final efficiency factor and the net result is 
that in order to circumvent the problem, one requires a larger lower bound for Mi at the 
same time [100]. Within the non-supersymmetric context, the mass of Mi, which is related 
to Tj-eh, is not too tightly constrained and thus Case 1 of our model will be workable in 
leptogenesis. 

Another observation from (I2.44P is that the maximum attainable /? value in the limit 
of Y(3) » X(3) » 1 is drastically different depending on the hierarchy scheme assumed for 
the light neutrinos. For normal hierarchy, /3max — ("iatm — "isoO/^T-atm ~ 0.82 whereas in 
the inverted case /3max — "'-soi/'^atm ~ 0.18. Although this result alone is not sufficient 
to rule out the inverted case, it is clear that, for Case 1 at least, the inverted hierarchy is 
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strongly disfavored. 

Overall, we have demonstrated in this subsection that our specific neutrino models 
with family symmetry can naturally generate the required raw CP asymmetry necessary 
for successful leptogenesis. The parameter space in these models is not overly restrictive, 
and the predictions are identical to a couple of special cases in the default seesaw, namely, 
the fully hierarchical light neutrinos limit (Case 2) and the two RH neutrinos scenario 
(Case 1 or 3). 



2.2.3 Efficiency factor 

In the A^i-dominated scenario, the dynamical generation of a B — L asymmetry in the 
leptogenesis era depends on the out-of-equilibrium decays of the heavy A^i's, as well as 
other interactions in the thermal plasma. These non-equilibrium processes which control 
the evolution of A/tvi and Mb-l are quantified by a system of two Boltzmann kinetic 
equations as first discussed in Sec. 11.41 An important issue in setting up these is the 
identification of all relevant interactions which can modify A/tvi and Mb~l (see Table [2!4l 
and Fig. 12.11) . Following Eqs. (|1.127p and (11.1281) . and making a change of variable from t 
to the dimensionless quantity z = Mi/T (for convenience) [66,96,98-100], we have 

^ = -{D + S){Nn. -K^) , (2.45) 



dMs-L 



ei D {Mn, -KV- WMb-l , (2.46) 



where denotes the equilibrium value for A/tvi which is now a function of z. The term 
D,S,W = T £)^s,w / {zH) encapsulate the reaction rate of the various processes with Td^s^w 
denoting the decay, scattering and washout (thermally averaged) rates respectively, and H 
being the Hubble parameter which is given by 

1 



where g*{z ~ 1) = 106.75 is the number of relativistic degrees of freedom M-p\ ~ 
1.22 X 10^^ GeV is the Planck mass. The thermally averaged (total) decay rate To which 
accounts for decays and inverse decays (A''i ^ ^<l>), is related to the zero-temperature decay 



^^This includes all SM particles only. The A'^i degrees of freedom is not included because in the 
preferred strong washout regime (see e.g. [96]), they are non-relativistic at tiepto (corresponding to 

^lepto = Afl/21epto — !)• 
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AL = 


AL = ±1 


^ NjNj (tree + loop)* 


Nj ^ (tree + loop) 


NjNj^NkNk {H^,s)* 


Nj e^tq ($, s) 




Njt^Iq ($, t) 




Nj q^ £t ($, t) 






NjNk ^ NjNk {H^,t)* 


Nji^<S> ($, s) 








Nj V^^<^£ ($, t) 




NjV^^^£{£,t) 




Nj^^V^£ ($,t) 


AL = ±2 


Nj^^V^£ {i,s) 


m^I^ {Nj,s) 


£^^i^ {Nj,t) 


i^^ NjH^ {Nj,s)i^ 


ii^m {Nj,t) 


Njl^ H^^ {Nj,t)* 




Hy,l^ Nj^ {Nj,t)i. 



Table 2.4: A collection of potentially important processes in leptogenesis. The type of process (eg. tree- 
level, vertex/self-energy loop, s- or f-channel) and, where applicable, the mediating particle are in brackets. 
Interactions that are not in the default see-saw are marked by a g, t and denote the (3rd generation) 
quark doublet, top quark singlet and gauge boson respectively. 



rate T 



(T=0) 
D 



(T=0)^l(£) 



(2.48) 



where /C„(z) is the nth order modified Bessel function of the second kind. Ts represents 
the AL = ±1 scatterings (eg. Ni£ tq ) but ignores scatterings which involve gauge 



bosons to first approximation |£0- The washout rate Fiy, which incorporates everything 
that tends to erase the B — L asymmetry, is dependent on the rates for inverse decay 
Ni), all AL = ±1 scatterings (except those with V^), as well as, the AL = ±2 
processes mediated by A''i (eg. ^ £^)llf. 

To describe the behavior of the solutions to (|2.45|) and (|2.46|) . it is customary to intro- 
duce the decay parameter [66,96,98-100] 



p(T=0) 
D 

H{z = 1) 



mi 



(2.49) 



^^This redefinition of Fd absorbs the pre-factor of 2 appeared in II1.127P and Ill.l28p . Subsequently, 
Ts,w have also been redefined accordingly. 

^^It turns out that they are only critical if one considers the weak washout regime. See for example 
[97,140]. 

^*AL = ±2 processes mediated by A''2,3 are suppressed at 2 ~ 1 because M2,3 S> Mi. 
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where 

16 In^gt 



0(10^3) eV, (2.50) 



3 V 5 Mpi 

is the equihbrium neutrino mass, fhi is the effective neutrino mass as defined in the previous 
section which measures how strongly coupled A^i is to the thermal plasma. It should be 
noted that the size of fhi relative to marks the boundary between the so-called weak 
[fhi < m^:) and strong (mi > m^:) washout regimes where the corresponding analyses 
are qualitatively different [96]. This dependence of the solutions comes about because the 
interaction terms D, S and Wi (defined as Wi = W — 6W, where 6W = {TN,s + 'rN,t)/izH) 
represents the contribution from non-resonant AL = ±2 processes, i.e. on-shell component 
of the propagator of A^i has been properly subtracted) are proportional to fhi [100]: 

D, S, Wi oc -^^y^ > while 6W oc , (2.51) 

where = + + rn^. For hierarchical light neutrinos and Mi <^ 10^^ GeV (note 



turns out that contribution from 6W 



that both of these are satisfied in our models [ 
can be safely neglected [96,100], and therefore the generated B — L asymmetry is to a good 
approximation independent of Mi. In the interesting case of strong washout, the Wi term 
is dominated by inverse decays [96,97]. Moreover, in this regime, the heavy iVi's in the 
plasma can reach thermal abundance before tiepto even if the scattering term S is turned 
off. As a result, the details of A'^i's production prior to their decays become irrelevant and 
all subsequent analyses are greatly simplified. In the light of this, we shall concentrate on 
the strong washout regime in much of our discussions here. 
With the above simplifications, (|2.45|) and (I2.46P reduce to 

^ = -D{Nn,-M%\), (2.52) 



£1 D {Nn, - AA^'! ) - WY'Mb-l , (2.53) 



where WY^{':^ Wi) is the dominant piece in the washout term which originates from inverse 
decays. The solution for Mb-l can be expressed in an integral form [96, 141] 

MB-L{z)=Mh^L e-^H''^''^'''^''^ -einiiz) , (2.54) 

where J^b~l ^'^^ denote the initial values for Mb-l and z respectively. The correspond- 



^^The only restriction on Mi is coming from l|2.12p which does not limit the possibility of Mi <C 10^* 
GeV. 
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ing efficiency factor is given by 

Ki{z) = - r dz' ^ e-/^' dz"wl-i.") (2.55) 
Jzi dz' 

Since in the strong washout regime one can invoke the approximation dj\f / dz' ~ dj\f^^ / dz' , 
the final value as z — > oo may be readily worked out and one obtains [96] 

c 2 r ^^1^5(^1)1 

^1(^1)=^^^ TIF^ ' ' fori^i>l, (2.56) 

Ki zb[J<-i) L -I 

where we have expressed k\ as a function of the decay parameter Ki, and zb zjepto — 1) 
is the value around which the asymptotic expansion of the z' integral in (|2.55|) receives a 
dominant contribution. The temperature Tb that corresponds to zb (= Mi/Tb) is referred 
to as the baryogenesis temperature. For practical purposes, (I2.56P is well approximated by 
the simple power law [96]: 



k{ ~ (2 ± 1) X 10" 



0.01 eV 



1 l.litO.l 



for mi > . (2-57) 



Assuming we are working in the strong washout region, we will now argue that the standard 
results described above are directly applicable to our models with family symmetry. Of 
the AL = or AL = ±1 new interactions originating from coupling to H^, all involving 
an external in the initial state (e.g. — > NjNj) can be disregarded because the 
reaction density for H^^ is almost zero at z ~ 1 while the reverse processes are kinematically 
forbidden due to the heaviness of Furthermore, the Nj-N^ scatterings mediated 

by a virtual do not play a role because in the strong washout regime, the analysis is 
insensitive to the initial Nj abundance in the thermal plasma. Hence, there is no new 
important contribution from the list of starred {k) reactions in Table 12.41 to the standard 
scattering and washout terms, and we can conclude that our models do not predict a 
modification to the efficiency factor k\ given by the default seesaw case. 

Weak washout regime 

We end this section by including a short discussion of the phenomenologies that might be 
essential to the analysis of our extended seesaw models in the context of weak washout [H^. 
While the efficiency factor is typically enhanced in this regime, one obvious drawback is 



^°It should be noted that the 2^3 reactions such as NjNj H^^^$ are in any case impotent because 
of fj,^x ~^ 0- 

^^For a complete review of the analysis in the weak washout regime, see for example [96,97]. 
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that the prediction is no longer independent of initial conditions as in the scenario for 
strong washout. As a result, the Nj-N^ scatterings via a may be significant since these 
can actively modify A/)^^ in the plasma while inverse decays are no longer strong enough 
to ensure thermal abundance before the onset of leptogenesis. 

However, upon closer inspection and assuming a hierarchical RH neutrino mass spec- 
trum, one would not expect a sizable change to AAjv^. This is because in Table [231 there is 
no (AL = 0) creation or annihilation process which involves A''i's and some lighter parti- 
cles. Note that one does not need to be concerned with AL / processes in this analysis 
because they are in general too weak to bring Nj^s into equilibrium at high temperature 
(21epto <C T < Treh)- Thus Only processes such as NiNi ^ NkN^ {k = 2,3) can bring 
A''i's into equilibrium. But as has been shown in a similar model in [99] where the addi- 
tional Nj-Nk interactions come from couplings to massive neutral gauge bosons (related to 
GUT breaking), these scatterings have very little effect on the final asymmetry prediction 
if one has a pronounced RH neutrino mass hierarchy [^. In addition, the A^i-dominated 
approximation remains valid. 

It should be pointed out that all interactions involving an external remain unim- 
portant. When z ^ 1, processes that can produce A^- (e.g. ^j^j) irrelevant 
because they are only potent before the inflationary stage (see (|2.12|) ) and any excess A^- 
created will be diluted away. On the other hand, for z ~ 1, reaction density for is 
almost zero as in the strong washout regime. 

Other issues that are potentially important in the weak washout regime include the 
effects of scattering processes that couple to gauge bosons [97] (see Table [2^ . as well as 
thermal corrections to T/) and Ts [97,140]. These elements provides an additional source of 
theoretical uncertainty to the overall analysis and hence making the weak washout scenario 
less attractive than the strong washout case. For the purpose of our work though, these 
effects unnecessarily complicate the analysis and therefore will be ignored. 

Although we have not shown by explicit calculations that predictions of our models 
will not significantly deviate from (or bias towards certain parameter space within) the 
standard case with weak washout, it is apparent from the above discussion that a lot of 
it will be highly dependent on the assumptions made on the mass of A^ , and their 
Yukawa couplings. Given that all of these are free parameters in our models, any devia- 
tions with respect to the standard see-saw case will therefore stay within the amount of 



^^The model presented in [99] provides a good guide to the phenomenology expected in ours with the 
exception that our models do not possess interactions that link Nj to SM particles. Consequently, our 
models would predict even less modifications than in the case of [99]. 
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these uncertainties. Hence, we can conclude that their predictions are effectively the same 
as the default case. 



2.3 Implications in flavored leptogenesis 

As outlined in Sec. 11.4.21 flavor effects become important when the assumption on the 
temperature range in which leptogenesis happens is altered [103-110]. This arises because 
Yukawa interactions become more prominent at temperatures T < 10^^ GeV and as a result 
they can destroy the coherent evolution of the lepton doublets, ts in the early Universe. 

To elaborate this a bit more, consider the lepton states, |£(j))'so generated by the 
decays of Nj^s. Normally, in the one-flavor approximation, \ will evolve coherently as 
the Universe cools. But the presence of charged lepton Yukawa interactions in equilibrium 
essentially introduces a source of decoherence whereby the |£(j))'s are projected onto one 
of the three flavor eigenstates, | £q.)'s [a = e, /i,r) with probability 

Because of the difference in size between the tauon and muon Yukawa couplings, there 
exist two temperature thresholds: Tr'^ and T^*', which govern the range where tauon and 
muon interactions come into equilibrium respectively. When T > Tr'^ ~ 10^^ GeV, both 
the r- and /i- Yukawa interactions are out-of-equilibrium and flavor effects can be ignored. 
For the temperature range T^^" > T > T^^i ~ 10^ GeV [104, 107, 108], only r- Yukawas are 
in equilibrium and one effectively has a two-flavor (r and a linear combination of /x and e) 
problem. Finally, in the case of T^*^ > T, both reactions are strong enough to instigate a 
full three-flavor system. In our discussion here, we do not explicitly distinguish between the 
two situations and simply assume the three-flavor regime. Furthermore, spectator effects 
in the form discussed in [101, 102] will be ignored for brevity 

To illustrate the origin of the flavor affected CP asymmetry, we begin by rewriting 
Lagrangian (|2.6p with sub-indices |£f 

^mass = -^Nj Dm, Nj - la (/i^)^ ^ e„ - {K)aj $ Nj + h.c. , (2.58) 

where j = 1, 2, 3 and a = e, fi, r. It is then clear that the state | and | iy^) in (|2.14l) are 
in general not a CP conjugate of each other owning to the complex entries in matrix /i^. If 



^^The subscript (j) highlights the fact that the flavor decomposition of i'(j) can be different for each Nj. 

^■^These effects typically change the result by a factor of O (1) in most scenarios, besides they affect both 
our models and the standard framework in the same way, hence, they can be safely ignored. 

^'A proper discussion of this should be done within the density matrix framework [104, 107]. But for 
our purpose, it is enough to follow the more intuitive approach as in [106]. 



76 



Chapter 2. Abelian family symmetry and leptogenesis 



we are considering the temperature ranges where the relevant lepton Yukawa interactions 
are either fully in equilibrium or out-of-equilibrium but not in between such that state 
will quickly decohere into one of the \ la) states available, then we can effectively 
think of Tj as an incoherent sum (over a) of the partial decay rates Tja = T{Nj — > ia^)- 
Likewise for | \ ia),Tj and Tja = T{Nj ia^)- Note here that | £a) and | ia) are CP 
conjugate states of each other. 

From this, it is straightforward to see that CP violation in Nj decays can manifest 
itself in two places: 

(A) . The amount of | ia) and \ la) produced are not the same because | ^q)) and are 

produced at different rates which corresponds to Tj / Tj. 

(B) . The amount of | ia) and | ia) produced are not the same because Tja / Tja (regard- 

less of the relation between Tj,Tj). 

Obviously, the second effect is only relevant when one is considering the evolution of the 
individual lepton flavor asymmetry La- For the one-flavor approximation, one tracks the 
evolution of L = J2a instead, and hence only the first effect comes into play. However, 



an important corollary is that when flavor effects are included, t. 
asymmetry, Eja, can be nonzero even if = Tj (i.e. Ej = 0)cl 
these, it is convenient to introduce the flavor projectors [106] 



le associated flavored CP 
To properly quantify all 



P^a^^ = \{iij)\ia)\' , (2.59) 

Pja = ^ = \{i^j)\ia)W U = 1,2,3; a = e,fi,T) (2.60) 

where F^ = J2a ^ja and Tj = Tja. Therefore, by definition, Pja = J2a ^ja = 1- 
The associated a flavor CP asymmetry is given by [104, 106] 



F — F TP —TP 



Ti + r,- F,+F 



(2.61) 



J 



Pja ~l~ -Pja ^jce -^jce 



e, + l^^^—J^ , (2.62) 



^P^ae, + ^-^, (2.63) 



where Pj^ is the tree-level contribution to the projector Pja with Pj^ = Pja, while SPja = 
Pja — Pja is the quantity that characterises the CP violating effect of type (B). Prom 



^See Sec. ll.4.2] for related discussion on this. 



2.3 Implications in flavored leptogenesis 



77 



(12.631) . it is clear that even if ej = and hence Pj^ ej vanishes r\ eja does not necessarily 
go to zero. In addition, 



SPja = - = 1-1 = 0, 



(2.64) 



demonstrating that ej = eja will not depend on SPja, and hence it is consistent with 
our claim that only type (A) effect can contribute to the overall asymmetry when flavor 
effects is neglected. 

Putting these quantities in terms of parameters in (|2.58|) and setting J = 1 for the 
A^i-dominated scenario, we get [106] 



pO 



^0 _ {K)al{K)al 



{hlhy)ii 



(2.65) 
(2.66) 



and [90] 



—^S^ Im \ {hl)aliK)ak^ 



(2.67) 



with ei given by (I2.22p . Using these definitions, one can then calculate 6Pia via (|2.63|) . 
It is worth highlighting that in (|2.67|) . the term proportional to {hth,y)ki drops out upon 
summing over a. This is because when combined with the pre-factor outside the brackets, 
it becomes {hth^)ik{hlh,y)ki which is real. As a result, it indicates that this term actually 
corresponds to 6Pia type CP effect. 

To derive the network of Boltzmann equations, first we note that the final asymmetry 
J^B-L would now depend on the evolution of all individual flavor asymmetries A/g^ where 
Qa = -B/3 — La and N^b-l ~ -^Qa' Secondly, the washout terms would be modified 
in the multi-flavor case because AL / interactions involving <I> couple to state | and 
not \la)- Hence, washout effects will be dependent on Pia (or approximately Pi^)- 

If the Yukawa interactions are either strongly in equilibrium or out-of-equilibrium but 
not in the transition region [^, then the kinetic equations are greatly simplified as flavor 
dynamics due to the coherences (i.e. off-diagonal terms of the relevant density operator) 
may be neglected. Otherwise, the analysis must be done in the density matrix formalism 
[104, 107] so that effects from partial losses of coherence and correlations in flavor space 



^'^This term corresponds to type (A) CP violating effect. 

^^See [103] for a thorough discussion on the location of this region for various setups. 
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can be fully accounted for. 

Appealing to the approximation (as in Sec. l2.2l for the unflavored case) that decays and 
inverse decays dominate over the washout and scattering term, then overall we get [106,110] 

^ = -Z)(AA^,-A/-^1), (2.68) 
^ = -ei, D {Mn, -M^)- < WY' Mq^ , (2.69) 

which are very similar to (I2.52P and (|2.53|) . So, just like (I2.54p . the solution to Mq^ can 
be expressed in an integral form: 

A/'q. (^) = ^^"^'^ '^"^''^ - ^^o.iz) , (2.70) 
where the flavor dependent efficiency factor is given by 



Jzi dz' 

In the strong washout regime, one then gets (cf. (|2.56|1 ) [110] 



(2.71) 



r 2i r -^1 rv (^1 rv ) ' 

4aiK,.)^j, ^ 1-^" " ' (2-72) 

where Kia = P^^Ki. Since P^^ < 1, we have Kia < Ki, and so (|2.72p implies that 
washout is in general reduced because of flavor effects. As a consequence of this, one finds 
that the region of parameter space corresponding to the strong washout regime is also 
reduced [110]. 

From the above discussion, it is clear that much of the analysis done in Sec. 12.21 for 
our models will be applicable to the case when fiavor effects are included. Comparing 
([2:68]) and ^2m\\ with (1232]) and ([2331) . we observe that P^^ and eia are the only two 
new ingredients which contain all the additional model dependent information originating 
from fiavor effects. Hence, it suffices to investigate the implications of our specific models 
on these two quantities. 

To begin with, we note that both P}*^ and eia depends explicitly on the mixing matrix 
U, unlike in the one-fiavor approximation where everything can be written in terms of the 
seesaw orthogonal matrix This can be seen from (|2.66l) and by expanding the two terms 
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containing hyS in (|2.67p using (|2.24l) to obtain 

rrira ^*l^i^mkU^(Uam j (2.73) 

and 

ihl)al{K)ak{hlK)ki = X rrirSlnl^nk ^ ^/mi Vflm ^n^mkUagUam ■ (2.74) 

These general expressions illustrate how the low energy CP violating phases enter explicitly 
into the predictions of leptogenesis when flavor effects are important. But it is also clear 
from them that such effects are usually masked by the complex phases in (or h^) and 
can only have a direct impact when Q is real as mentioned in Sec. 11.4.21 In the context of 
our models with family symmetry, since the prediction is Ues = 0, the Dirac phase 5 from 
f^PMNS does not enter into the theory at all, and hence CP violating effects arising from 
low energy parameters would entirely come from the Majorana phases. 

Regarding whether our models would give rise to a significant departure in the predic- 
tions of leptogenesis (with flavors), there are some general observations we can makecf. 
Firstly, by examining (|2.65p and (|2.67|) . we can safely conclude that for Case 2 of our mod- 
els (see Table 12.31) there is essentially no modifications to the standard seesaw scenario. 
This is due to the fact that all entries in /i^ for this case are unconstrained by the symmetry 
and therefore it can, in principle, accommodate all specific scenarios the default seesaw 
allows (except = must be obeyed). 

Secondly, using expression we see that both Case 1 and 2 do not provide 

any predictions or restrictions on the projectors Pi^s r"l. This is because Pf^, depends 
either on the 21- and 31-entries (normal hierarchy) or the 11- and 21-entries (inverted 
hierarchy) in both U and Q and we know from before that these are unconstrained by 
the symmetry (see for example matrix (|2.4QI) for the normal hierarchy). 

To study the implications of Case 1 (normal hierarchy) on eia, we can apply mi = 0, 
Ue3 = and Q given in (|2.40l) to expressions (|2.73|) and (I2.74p . A key feature which 
results is that both (I2.73P and (|2.74l) vanishes when k = 3, which is in accordance with 
the previous conclusion that Case 1 corresponds to the seesaw case with only two RH 



Note that there is nothing in all cases of our models which specifically indicates whether fiavor effects 
should be included or not as Mi is a free parameter in the theory. Thus, leptogenesis with flavor effects is 
phenomenologically not excluded by our models. 

''"Again Case 3 is automatically accounted for when considering Case 1. 

^^No dependence on the 11-entry in the normal mass spectrum because mi = and contribution to the 
sum in l|2.66p automatically disappears. Similarly for the inverted spectrum when ms = 0. 
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neutrinos. In fact, this is the only definite prediction from the model. Although one 
gets significant simplification to (|2.73p and (|2.74p for particular values of k and a, the 
resulting expressions are still a function of unconstrained parameters, hence one has to 
impose additional conditions in order to restrict the result. For instance, when k = 2 and 
a = e, (I2.74|) simplifies to 

(/^:)el(fe.)e2(/^l:fe.)21 = ' ^^^^^'f - ^ill - "^3^L(1 " ^3l)1 , (2-75) 

where we have used mi = 0, C/e3 = and (|2.40|) . Plugging this into (|2.67p and defining 
fll^ = Xs+ ils, we simply get (ignoring O [{Mi/M2f) terms): 

2,r, ,2 



167r(<I))2 mi 



mi\Ue2VY^. (2.76) 



This example illustrates that although the texture zeros can lead to partial simplification, 
in the end, one has to specify and Ue2 (in this case) in order to make any predictions 
about eie- Besides, the final asymmetry would in general depends on all of the ei^'s and 
not just eie- Therefore, all we may conclude is that Case 1 of these models will possess 
the phenomenologies given by the standard seesaw with two RH neutrinos. An extensive 
study on this particular situation in the context of leptogenesis with flavor effects has been 
performed recently in [108]. 

So far, we have assumed the strong washout scenario exclusively. The reason for that 
is in the weak washout regime, the calculation of the final asymmetry relies on a good 
knowledge of the thermal history of all RH neutrinos in the plasma. Since our models do 
not provide specific information on that front and flavor effects cannot actually alter the 
phenomena we discussed in Sec. 12.2.31 therefore, our conclusion on this regard would be 
similar. In the light of all these, it is clear that implications of our models in leptogenesis 
with flavor effects are basically the same as those from the normal seesaw with one massless 
LH neutrino. 



2.4 Summary of results 

Given the intricate connection between neutrino properties and leptogenesis, it is natural 
to ask whether a specific class of constrained seesaw models which has less free parameters 
than the default setup, can solve the baryogenesis problem. In this chapter, we have 
performed a thorough check in this context on such neutrino models as those proposed 
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in [129]. These models obey certain abelian family symmetries and contain one additional 
singlet in the Higgs sector such that the total number of arbitrary parameters in the seesaw 
theory is reduced. In particular, they predict that Ois = in the C/pmns matrix and a fully 
hierarchical light LH neutrino spectrum. 

By dissecting the dependence of the final asymmetry on sphalerons, CP violating 
decays and washouts, we have identified the key elements that can modify the leptogenesis 
predictions. Consequently, the implications of different seesaw neutrino models can be 
easily compared. It was found that in all cases of our models, leptogenesis predictions are 
almost identical to those allowed by the default seesaw model, with the exception that our 
models naturally select the hierarchical light neutrino solution (for 

^ior3 — is one of the 

main features). This conclusion is true for both the one-fiavor approximation, as well as 
when fiavor effects are included, since all of the essential elements that can change the final 
asymmetry turn out to be unconstrained in our models. In one case, the phenomenology is 
very much the same as the standard situation with three RH neutrinos whereas in the two 
other cases, they correspond to the scenario with only two RH neutrinos. Furthermore, for 
leptogenesis with flavor effects, we have found that Major ana phases in the light neutrino 
mixing matrix can play an important role since in our models the Dirac phase disappears 
due to the fact that ^13 = 0. 

It should be noted that the entire investigation has been done assuming the limit of 
hierarchical RH neutrinos with emphasis on the A^i-dominated scenario in all situations. 
However, it is not hard to see that both the A'^2-dominated scenario (see Sec. I1.4.3j) and 
resonant leptogenesis (see Sec. 11.4.41) are viable alternatives as the weakly constrained 
nature of our models on the standard leptogenesis parameter space suggests. 

Although in much of this work the analyses are done in the strong washout regime, there 
are clear indications that our general conclusion can be extended to the weak washout case. 
A more precise calculation on this front, however, cannot be carried out since our models 
do not provide any specific predictions on the RH neutrino sector. On one hand, this 
means that nothing new is predicted by our models, but on the other, this non-existence 
of heavy constraints ensures that these models can lead to successful leptogenesis in most 
scenarios. Consequently, the compatibility with thermal leptogenesis highlights another 
benefit of these simple seesaw neutrino models with abelian family symmetry. 



Chapter 



3 



Seesaw sector and low-energy 

observables 



s we have seen in Chapter[2l enlarging the SM symmetry (as well as the Higgs sector) 
can give rise to a theory that contains less arbitrary inputs and, in some cases, also 



I \. provides definite predictions. Therefore, within the framework of type I seesaw, it 
is natural to ask whether the largely unrestricted RH neutrino sector can be determined 
through symmetries. This possibility is especially attractive because of the connection 
between seesaw parameters and leptogenesis. As a result, cosmological constraints may 
provide important hints on the selection of the underlying symmetries employed in model 
building. 

To understand the role symmetries can play in this regard, we first notice that through 
the seesaw mechanism [43], a relation between the heavy RH neutrino mass matrix and 
the low-energy neutrino data can be established although this link is incomplete as there 
are many parameters remaining to be fixed. Secondly, the neutrino Dirac mass matrix 
structure may have some resemblances to those of quarks and charged leptons such as 
when the SM originates from a GUT or partial unification scheme. Hence, there are key 
regions in the parameter space where the powers of symmetry can be used to bridge the 
gap between low-energy observables and the unknown seesaw sector. 

In the following, we begin by elucidating all the model building strategies while estab- 
lishing the notations. Then, we construct a few representative models which can realise 
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this connection between low- and high-energy parameters, before presenting a phenomeno- 
logical study of them. 



3. 1 Seesaw structure and relation to thie low-energy sector 

The basic hnk between the heavy RH seesaw and the low-energy sectors comes from the 
seesaw relation (first discussed in Sec. I1.2.3|l involving the effective light neutrino mass 
matrix rrii, which is defined through 

m^u'^ + h.c. , (3.1) 
and the heavy RH Major ana mass matrix Mji coming from 



- {urY Mr + h.c. , (3.2) 

where u and are the effective light and RH Majorana neutrino field respectively. Ex- 
plicitly, the formula is given by 

c:^ -m^ M^\m^f , (3.3) 

where is the neutrino Dirac mass matrix, defined through 

T'Lm^ J^R + h.c. , (3.4) 

with ul being the LH neutrino field in the weak eigenbasis Let z^™ = V,^ i/ he the mass 
eigenstates for LH Majorana neutrinos, where is the unitary diagonalization matrix for 
m^. Then the diagonal light neutrino mass matrix, fhi, is given by If 

= diag(mi,m2,m3) = -VuiriuVj , (3.5) 

where nii denotes the ith light neutrino mass. With this, Eq. (|3.3p implies that 

~ K M-\m^fvJ . (3.6) 



^We have ignored terms of O [{m^)^ /M^) or higher. 

^The relationship between u and vl was discussed in Sec. 11.2.31 

^Diagonalized matrices will always be denoted by a carat in this chapter. 
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The matrix ifii, has been experimentally determined up to an absolute light neutrino mass 
scale, and as a result we shall conveniently parametrize it through the lightest rrii, eigenvalue 
mi (normal hierarchy) or ma (inverted hierarchy). Other neutrino mass eigenvalues are 
then expressed in terms of this and the experimentally measured square-mass differences: 
Am^oj and Aml^^ [23], as in (fTTO]) and (fTTTI) on pageO 

If we suppose further that = VeL are the mass eigenstates for LH charged leptons, 
then the leptonic weak interaction Lagrangian becomes 

-Cweak = i5 er VehVl + h.c. , (3.7) 

where VeiVj = C/pMNS is identified to be the leptonic mixing matrix, and as discussed 
in Chapter [H its entries are constrained by low-energy neutrino experiments. Similarly, 
one can define the quark mixing matrix as C/ckm = KiiV^j^, where VuL and Vdi are the 
left-diagonalization matrices for the up- and down-type quark matrices respectively 0. 

In order to connect the high- and low-energy sectors, one must have M/j completely 
determined by known quantities. One way to achieve this is to have Mr constructed from 
some combination of mj^, the charged fermion mass matrices, fhf with / = e,d,u, and the 
mixing matrices (C/pMNS and C/ckm) respectively. As a consequence, Eq. (|3.6|) demands 
that 



The neutrino Dirac mass matrix, , must be predicted by the theory. 



(3.8) 



Suppose that the use of symmetries allows one to impose 

= nif for one of / = e, f = d or f = u , (3.9) 
then (|3.6p can be written as 

fhu ~ K m/ M^^ mj Vj . (3.10) 

Note that there are custodial SU{2), unification and quark-lepton symmetries that can 
enforce each of the conditions in (|3.9|) at tree-level, as we shall explain later. But if we 
simply take (|3.9p as an ansatz at this point, then by diagonalizing the fermion mass matrix: 

mf = VfLmfVjj,, (3.11) 



''CKM stands for Cabibbo-Kobayashi-Maskawa. 



86 



Chapter 3. Seesaw sector and low-energy observables 



where Vfi and Vy/j are the left- and right-diagonalization matrices for mj respectively, we 
can put (|3.10p into a more convenient form: 

K V}^ % VfR Vj^mjVjL Vj , 
= iVfLV^)^mfVfRM^'vJ'jimfiVfLV^r . (3.12) 

Prom this, we see that another necessary condition to have Mr completely determined is: 

The matrix product, VfiVj and the right-diagonalization matrix, VfR must be known. 

(3.13) 

However, since the VfR cannot be measured as the weak interaction is known to be left- 

n 

handed it must be predicted from the theory. As will be elaborated later, this issue can 
be resolved by including a flavor (or family) symmetry in the model so that fully determined 
diagonalisation matrices with their entries only made up of known constants can result. 
These constants are usually related to the Clebsch- Gordon coefficients associated with the 
flavor symmetry group under consideration. 

Regarding the matrix product VfiVj in (|3.12p . it may be a directly measurable quantity 
or partly provided by the theory or both. A distinctive feature of this product is that its 
form is similar to the definitions of both C/pMNS and I/qkm (re-stated here for convenience): 

UpMNS = VeLVj , Uckm = VulV}^. (3.14) 

The simplest possibility is perhaps when / = e which leads to V/lVJ = C/pmns- If at the 
same time, the model predicts VfR = VeR = /, then we have a very special case where Mr 
is completely determined through 

Two other possibilities, arising from the enforcement of {v ^ d, u) and the appropriate 
flavor symmetries, are that 

f = d, with VdR = I , VdL=VeL, (3.16) 

and f = u , with Vur = I , VuL = VeL , (3-17) 



'The discovery of right-handed weak interactions would of course change this situation. But we shall 
not consider that possibility here. 
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leading to 



Mr ~ md,u ^PMNS ^T-u ^ ^PMNS ^'i,u ■ (3.18) 



Because of the automatic presence of Vu in the formula for Mr, it is relatively straightfor- 
ward to find symmetries leading to Eqs. (|3.15|) and (|3.18l) where the leptonic PMNS mixing 
matrix is a key feature. However, it may also be of interest to consider symmetry structures 
that can lead to the PMNS matrix being replaced by the CKM matrix (or a product of 
the two). One possibility is to have the symmetries to dictate that Vul = VdR = Vy = I 
always holds and so when we identify f = d m. (|3.12|) . this will give rise to the relation 

Mr ~ rhd f/cKM UcKM fhd , (3.19) 

where ?7ckm = ™ ^^^^ case. Alternatively, one can consider the case where d and 
u have their roles interchanged. Other options which could equally well be contemplated 
include enforcing V^^VeL = 
situation with Mr given by 



include enforcing V^^VeL = VuR = I while keeping Vul and Vj arbitrary, leading to the 



Mr ~ rUu ^CKM^PMNS "^i/ ^PMNS^CKM ' (3.20) 

with C/cKM = KlV^^l Upum = KlVJ. 

Finally, there is the relatively mundane case where all of the diagonalization matrices 
in the formula for Mr are equal to the identity, so that one simply gets 




Mr = Mrc^ diag I — ^, ^ 1 . (3.21) 



1/ j^-^ TTi J 

mi ' 1712 m-j, 

Interestingly, this is not possible for the / = e choice, because the PMNS matrix is known 
to be very dissimilar to the identity. However, flavor symmetries allowing, Eq. (|3.2ip can in 
principle be achieved for / = d or u. In these situations, one would then get C/pMNS = 
and f/cKM = VuL (if f = d) or Vj^ (if f = u). 

In ™m,na.y. the general properties of enforcng a (. „ e,.,u) .ynnne.ry ,n parallel 
with some flavor symmetries motivate relations of the form [j 

Mr = MR{fhe ,md,mu, C/pMNS , C^ckm) (3.22) 



Note that although the analysis was framed in terms of the leading seesaw expression m„ ~ 
— mJ'M^^(m^P)^, it generalizes to cases where additional terms on the right-hand side are kept, because 
the higher-order terms contain a priori the same unknowns as does the leading term. 
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of which Eqs.(l3l5|), (ISTHIl . (I3T9I1 . (IQH and iKTDf are important examples. 

3.2 The use of symmetries 

One of the key assumption leading to result (|3.12p is that the neutrino Dirac mass matrix 
must be equal to one of the quark or charged lepton matrices as indicated in (13. 9|) . In 
addition, completely deriving Mr requires a good knowledge of the diagonalisation matrices 
because of condition (|3.13|) . So, the aim of this section is to briefly illustrate how mass 
relations of the type: 

= K -fhe^d or u , (where K is a known matrix) (3.23) 

may be enforced, as well as the role of flavor symmetry in determining the diagonalisation 
matrices of interest. We will present some concrete examples that utilise these ideas to 
good effect in the next section. 

It is well known that in a minimal SO{10) framework one obtains the mass relations 
= nie = rrid = rriu, because all fermions are in the same multiplet and the electroweak 
Higgs lies in a real fundamental of 50(10). However, these relations are too strong from 
a phenomenological perspective. While we desire the equality between the neutrino Dirac 
mass matrix and that of one other fermion, the rest of the mass predictions nie = rud = rriu 
are clearly ruled out by experiments. Therefore, the aim is to search for gauge groups that 
contain the SM as a subgroup and have enough power to establish the mass relation we 
seek without violating any observations. Indeed, given the partial success of the minimal 
50(10) setup, subgroups that are contained in 50(10) will make excellent starting points 
in the search for a workable model. Furthermore, the use of discrete rather than continuous 
symmetries to relate different multiplets constitutes another sensible strategy outside of 
the 5O(10)-like ideas. 

To implement the strategy of using 5O(10)-inspired models, let us highlight some of 
the key features of several popular unification groups (which are subgroups of 50(10)) 
that may be of relevance. Firstly, we have the standard SU (5) setup [142] where the LH 
charged leptons {i'Lj^l) and down antiquarks (d^) are packaged into the 5 representation 
(or 5-rep for short), while the other SM fermions {u'f^,UL, dL and e^) are placed in the 
10-rep. In the SM with heavy singlet neutrinos, the u'^ can be included as the 1-rep of 
SU{5). Then, given a minimal Higgs sector (with $ in the 5-rep) which accompanies 
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these, it can seen that the Yukawa term that Hnks the 5-rep and 10-rep together will lead 
to the relation rrie = rud, whereas niu and remain unrelated due to the fact that the 
respective fermion fields are in separate representations, leading to independent Yukawa 
couplings in general. 

Secondly, there is the flipped-5C/(5) (= SU{5) U{l)x) setup [143] where the down 
antiquarks (d^) and charged antileptons (e^) flip roles with the up antiquarks (n^) and 
singlet antineutrinos (i/^) respectively. As a result of these new particle assignments, the 
model in its minimal version can then induce mj^ = rriu without enforcing the unwanted 
mass relation of me = m^. This observation makes the flipped-5C/(5) group a prime can- 
didate for our purpose, unlike both the minimal 5'O(10) and SU{5) unification schemes 0. 

Thirdly, we have the left-right symmetry group: SU (3)c <8> 5*^7 (2) l (g) SU (2)r U (1) b-L 
[145] which has the power to enforce mass degeneracy between weak isospin partners: 
nT'd = n^u and rrie = [146]. Such a degeneracy follows from requiring a bidoublet Higgs 
to be rea/[f|, which at the 5'O(10) level is equivalent to having a real Higgs 10-plet. Hence, 
we see that both the flipped-5[/(5) (Sec. IS.S.TI) and left-right (Sec. I3.3."3]) setup provide the 
basic starting points in achieving relations of the type of (|3.23|) . 

To obtain the remaining possibility of = rrid, one can employ the other strategy 
of introducing a discrete symmetry. In particular, as we shall show in Sec. 13.3.21 a dis- 
crete quark-lepton symmetry [147] would be appropriate. This is because the extended 
gauge structure contains a new SU{3)£ leptonic color group which now permits a discrete 
interchange symmetry between the SM quarks and (generalised or colored) leptons. After 
spontaneous symmetry breaking, leptons of one of the colors are identified as the SM lep- 
tons, and as a result = can follow by virtue of the discrete transformation giving 
these fermions common Yukawa couplings. 

It is worth mentioning that one can also contemplate the situations where the model 
directly provides the generic relation (I3.23P as the starting point. In such cases, the matrix 
K is normally a matrix of Clebsch-Gordan coefficients related to the gauge group being 
employed. For instance, at the SO{W) level, this can come about when the electroweak 
Higgs doublet is embedded in a higher-dimensional representation rather than the usual 10- 
rep or there are multiple Higgses that contribute to the Yukawa couplings. This situation is 
analogous to the well-known Georgi-Jarlskog [148] modification of the me to relation in 
SU{5) unification. Although this may be an interesting alternative, it is not the approach 



^Alternatively, a Pati-Salam-like [144] subgroup SU{4:) ® SU{2)l ® SU{2)r can also be used to enforce 
mfP = niu- 

^This basically causes S'C/(2)h to become custodial SU{2). 
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we pursue in this work. 

Once the appropriate fermion-mass-constraining group is selected, the remaining chal- 
lenges are twofold. The first, as well-illustrated by minimal SO{10), is the removal of 
byproducts such as unwanted mass relations or interactions. The second is the need to 
have predictable diagonalization matrices. Quite frequently, it is possible to meet both of 
these challenges by introducing a flavor symmetry and a non-minimal Higgs sector. For 
the former, the presence of a larger symmetry can naturally restrict the type of coupling 
one can have, hence removing some or all of the undesirable terms. In cases where this is 
not sufficient, unbroken global non-flavor symmetries may also be imposed. To resolve the 
latter issue, the key concept is that of a "form-diagonalizable matrix" [24]. This is a matrix 
containing relations amongst its elements and perhaps also texture zeros so as to make the 
diagonalization matrices fully determined while leaving the eigenvalues arbitrary. 

It is interesting to note that for the SM with RH neutrinos but no mass terms, the 
largest flavor symmetry possible is U (3)g^ ® C/(3)u^ ® U (3)^^ ® U (3)£^ (8> ^7(3)6^ ® ?7(3)i/^ , 
which corresponds to one independent U{3)f for each fermion multiplet. If the SM origi- 
nates from some GUT, then this underlying flavor group is necessarily smaller. For instance 
in 50(10) GUT, the largest of such symmetry is U{3) as all SM fermions (including h'ji) 
are placed in the fundamental 16-rep. Eventually though, when all fermions (including LH 
and RH neutrinos) gain mass, such an underlying group is in general completely broken. 
But the point is that in model building, there are often many possible flavor (sub)groups 
and their subsequent breaking patterns one may select given a gauge structure. 

Although the restrictions coming from the gauge group may differ, one sensible choice 
is to pick groups with 3-dimensional irreducible representations such as SU (3) [149], SO (3) 
[150], Z7 X Z3 [151], A(27) [152], Sa [153] or [26] to be the starting point, because there 
are three generations of fermions U- Then, the challenge is to ensure that the subsequent 
breaking of the underlying flavor symmetry chosen can enforce form-diagonalizability for a 
particular setup. In principle, all of the groups mentioned above can be viable candidates 
for this purpose, and which one to take is often merely a model building decision. 

For the representative models presented in the next section, we select the discrete group 
A4 to be the underlying flavor symmetry. This choice is motivated by the relatively simple 
nature of group, as well as the fact that it has been well-studied [26,154-156]. Using this 
and the mass-relating symmetry discussed earlier, we will demonstrate that relation (|3.23p 
can be readily implemented. 



^It is worth adding that all of these groups have in recent years been widely used to try to understand 
the "tribimaximal" form for leptonic mixing [25-27]. See Sec. 11.1.11 
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3.3 Some representative models 

In this section, we illustrate the ideas discussed previously by constructing three realistic 
models that can enforce = Krhf^^doru, and subsequently lead to relations (|3.15p and 
(I3.18j) respectively. 



3.3.1 Relating to m„ via a flipped-S'[/(5) model 

As hinted before, we can relate the neutrino Dirac mass and the up-quark mass matrices 
using a flipped-S'C/ (5) framework. To this end, we consider the following group structure 
[143] augmented by a flavor symmetry [26,156]: 



Gi = SUi5) (g) Uil)x X ^4 , 

D SU{3)c ® SU{2)l U{1)t U{l)x x . 

' V ' 

U{1)y 

We shall choose the normalization such that hypercharge Y is given by: 



Y = --T+-X 
5 5 



(3.24) 
(3.25) 



(3.26) 



where T = diag(— 2/3, —2/3, —2/3, 1, 1) is the generator for U{1)t- The advantage of this 
setup is that we can also avoid the bad mass-relation of rrie = ruii as we will demonstrate 
below. For this model, the particle contents and their transformation properties under Gi 
are given by: 



IpLa 



Xl 



1 
V2 



(5, -3) (3) ; 



e^^~ (l,5)(l©r©l") ; 



/ 





4 


-4 


-4 


-4\ 









4 


-4 


-4 






-4 





-4 


-4 






4 


ul 







V 


4 


4 


4 




/ 



(10,1)(1 ©I'el") ; 
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(3) 



hi 



(5, -2) (3) ; 



^(lei'ei") 



(5,-2)(iei'ei") ; 



A"/375 ^ (50,2)(1® 1'® 1") , 



(3.27) 



where the superscripts 1,2 and 3 and Greek letters are the color and SU{5) indices respec- 
tively Lj. i, and 3 denote the irreducible representations of A4 (see Appendix IB.lj) . 
In matrix form, the Gi invariant interaction Lagrangian then contains the following terms: 



-£i = Fai i^L ^(3) eR + V2 Yx2 xl ^{3) + ^ {XL)a^{xlU (^(lei'ei") ' ^ 

+ n4(XLW(xi)7^A"^^^ + h.C., 



(3.28) 



where e^^^^" is the Levi-Civita tensor. When the neutral components of $ and A obtain 
nonzero vacuum expectation values (VEVs), one gets mass terms of the form 



Xxi e.L {4>%)) eR - Yx2 {ul (</'°3)) ur + vl 



T7 I jS>* 



(3)/ T '^L ^R) 



+ ^ {dR dl + di dR) (0?iei'ei")) + i^r{AI^,,^,„^) + h.c. , (3.29) 



where we have used u' 



UL 



Ur. Note that (A°), which provides the heavy 
Majorana mass, breaks Gi down to the SM, and is expected to be at a much higher energy 
scale than {^) which breaks electroweak symmetry. 

Writing out the A4 structure of the Yxi- and lA2-terms in Eq. (|3.29|) with the vacuum 

{(l^ls)) = {(P^) = (^^(3),^'{3),^^(3)) where ^(3) G R, one gets 



rUe 

ruu 

V 



m 



(CL ((Afs)))! efl + A'l (CL (0°3)))i' e'^ + A'/ (cl {(I>%)))i" e'^ + h.c. , 

- X2ULi{4>%)uR)i - A'2 n'X((0°3*)) ur),, - A'2' n'i((0f3*)) ur),. + h.c. , 

- A2 (Vl {(pl3)))l''R - ^2 i^L (</'(3)))i' - A2 (l^L (^Js)))!" ^i? + ^-C- • 



(3.30) 
(3.31) 
(3.32) 



By expanding out the A4 invariants using the tensor product rules in Appendix IB. II and 
collect them into matrix form, one can easily examine the structure of these mass matrices: 



^"For the branching rules of 517(5) and other groups see for example [157]. 
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charged lepton mass matrix 



/Ai 

Al W(3) tjA'i 77(3) LO'^X'I t;(3) 



+ h.c. , 



/l 1 


l\ 









o\ 




1 UJ 




V3t;(3) 





a; 







\1 a;2 






U 





A'lV 





(3.33) 



+ h.c. , (3.34) 



where subscripts 1,2,3 of cl are the flavor indices and uj = e^'^*/'^. From this, we can readily 
deduce that 



V^L = U^ and VeR = I. 



(3.35) 



rriu I up-type quark mass matrix 



A2 nL((<Ag)) - A2^l((<A?3V - A'2' ni((<A?3V + h-c- 





/A2 







1 

7! 


A 1 


l\ 











A'2 









UR2 


+ h.c 




U 





aJ 






\UR3J 





(3.36) 



n 



neutrino Dirac mass matrix 



A2 (I^L (0?3)))i^« - ^2 i^L {4>%)))V 4 - A'2' {^L {4>%)))V' A + h.c. 

A 1 i\ 



, Z^Ll i^L2 VLZ 



1 

7! 



1 LiJ^ 



(3) 

/A2 \ 



'(3) 



A'2 

Vo A'27 



i? 



+ h.c. . (3.37) 



Inspecting (|3.36|) and (|3.37p . it immediately reveals the following relations: 



-V^ = -yj^ and = -i7a; m^^ 



(3.38) 
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which implies 



m 



D 



(3.39) 



Therefore, we have successfully achieved the form we seek. Putting it into (13. 6p and using 
definition (I3.14p . we get 



~ ^PMNS "^'i ^i? ^ f^PMNS 5 
Mr ~ fhu ?7pMNS f^u'^ ^PMNS • 



(3.40) 



To check the predictions of the rest of the theory, we turn our attention to the 1^3- and 
Y'A4-terms in (lOOl) : 

down-type quark mass matrix 



1 ,(11).— 



1 , (22) /— " , 



2' 

+ iA^^^^(d^'di + d^(i,^)(0^i„)) + lAf )(d|'(di)" + d'^(d^)")(<A^i)) +h.c. , 



+ -Af )(4'(di)' + dl4)(0?i')) + -^>^T\d''Rdl + (/I(i«)(</>Ji,)) 



1,(13) —/ 

2 



+ ^Af )(di4 + dIdH)(0Oi,)) + ^Af )(di4 + dldB)(<Aji„)) 



+ 



^Af)(44 + rf'L4)Ki))+h.c., 



/A 



, dL Al di 



2-^3 ^(1) 



1\(12) / 1\(13)„,// \ 
9 A3 9 A3 \ 



x(22) „ 
-^3 ^(1) 



1 \(23) 
2A3 ^{1) 



\ 1 X(13) „ 1 X (23) , (33) , ) 

\2A3 ^(1) 2A3 ^(1) A3 / 



(1) 



fdR\ 

d'k 
VrJ 



+ h.c. , 



where we have substituted 



'"{i)A(P{i')) = V^i)A4>fr>)) = v"iy From (|3.4ip, it is 
clear that is a general complex symmetric matrix, and hence we have Vjj^ = Vj^ is 
arbitrary. Similarly, for Mr: 



(3.41) 



Mr neutrino Majorana mass matrix 



Af)^.«(A^,)) + Ari;|"4(A 



(1")/ 



+ Af ) 



r^'r + ^r^R 



(AO 



(1" 



+ Af ) 



|'V^+^Vd(AOi)) +h.c. , (3.42) 
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'R "R 



'R 



^ /I o\ 



4 

(12)„,/ 



A4 



A4 



\(23) \'^'^'^^/ / 

^^4 ^(5 ^4 ^5/ 



(33) „ 



+ h.c. , 



(3.43) 



where (■^('1)) = (^('1/)) = "^^5) (■^('i")) = ^5- So as we can see, Mr is also a general 
complex symmetric matrix. Consequently, the diagonalization matrix is this model will 
be arbitrary since rriiy is a function of Mr via ()3.4Q|) . The two results from rrid and Mr 
imply that this model places no restrictions on the neutrino and the quark mixing matrices, 
which are given by ?7pmns = VeLVu = U^Vj and C/ckm = ^ulV^j^ = respectively, and 
therefore one can set them to match the experimental values by tuning the A3^4's. 



3.3.2 Relating to rhd via a quark-lepton symmetric model 

Next, we construct a slightly more complicated model within the framework of a discrete 
quark-lepton symmetry [147]. As well as the usual flavor symmetry, we also introduce 
an additional unbroken Z2 global symmetry to forbid certain interaction terms in the 
Lagrangian. The symmetry group for this model is: 

G2 = Gge X A4X Z2 , 

= SU{3)e (g, SU{3)q ®SU{2)l ® U{l)x x ^4 x Z2 , (3.44) 

V ' 

D {SU{2)^ ® U{1)t) ® SU{3)g (g) SU{2)l U{l)x xA^xZi, (3.45) 

where Zql is the discrete quark-lepton symmetry that relates the leptonic and quark color 
groups {SU{3)ii < > SU{3)g) while hypercharge Y is given by 

Y = X + \t, (3.46) 

where T = diag(— 2, 1, 1) is a generator of SU{3)i. The field contents are 

Fl= l^^^'j ~(3,1,2,-1/3)(3)(1) ^ Ql= 1^1^^ j ~(1,3,2,1/3)(3)(1), 

(3,1,1, 4/3)(l©l'©l")(l) ^ (1,3,1, -4/3)(l©l'©l")(l) , 

iVi?~(3,l,l,2/3)(l©l'©l")(-l) ^ (1,3,1, -2/3)(l©l'©l")(-l) , 
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xf^~(3,l,l,2/3)(l©l'©l")(l) 
xi'^~(3,l,l,2/3)(i©l'©l")(-l) 



:i,i,2,-i)(3)(i) 



6E= I I ~(1,1,2,-1)(3)(1) 



(1,1,2,-1)(3)(-1) 



Ai ~ (6„l,l,-4/3)(l©l'©l")(l) 



where 



i — > 



X^°^~(l,3,l,-2/3)(l©l'©l")(l), 
X^^)~(l,3,l,-2/3)(l©i'©i")(-l), 



4'd 



6?* 



(1,1,2,1)(3)(1) 



:i,l,2,l)(3)(l) 



:i,l,2,l)(3)(-l) 



A2~ (1,6„1,4/3)(1©1'©1")(1) 



(3.47) 



El,r 



E2L,R 



N2L,R 
\ ^L,R J 



are triplets in SU {3)i space 



(3.48) 



EiL,R, E2L,R, NiL,R, -^2L,R are exotic leptonic-color partners of the usual leptons. The 
discrete Zql symmetry is broken and these exotic leptons gain mass when Xi'''^^ picks up 



a nonzero VEV: 



{0,1)\ 



/ \ 



\ (0,1) / 



while (X2°'^^) = . 



(3.49) 



We arrange (Ai) 7^ to give a large Majorana mass while keeping (A2) = 0. The cp^s 
will break electroweak symmetry as usual. In order to avoid domain walls \}3 and allow 
the implementation of the seesaw mechanism, we demand the following hierarchy for the 
energy scales: 



(Xf'^) > ^inflation > (Ai) » {(^i) ~ (^2) ^ (<^d) = O (lO^) GcV 



(3.50) 



Cosmological domain walls will form when the discrete quark- lepton symmetry is spontaneously broken. 
Arranging for this breaking scale to be large allows these observationally unacceptable topological defects 
to be inflated away [158]. 
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Overall, the symmetry group G2 will give rise to an interaction Lagrangian with the fol- 
lowing terms (e"^"^ is the Levi-Civita tensor): 



^/i (n. xf^ + Ql^ Qlp + A/2 [E'i,^ Nnp X^i; + n^^, dnp 



+ A3I {QlUrcPi + FlEr(P2) + Xg2 {QlUR(I)2 + FlEr^I) 



+ X93 {QidR'Pd + FlNrcP'^^) + Am (iV^„ Nrp Af + A^'^ j + h.c. 

(3.51) 

where a, /?, 7 are 5C/ (3)^ or q indices and the terms proportional to \fi^2 are the mass terms 



for the exotic fermions. Prom (I3.5ip and taking 
we expect the following mass relations from this model: 



V2 and 



rriu = \givi + \g2vl , 

nie = \glV2 - \g2V*i , 



rrid = Xg3Vd , 



>^g3Vd ■ 



(3.52) 
(3.53) 



So, in general, rrie 7^ but = md- Writing out the A4 structure of the relevant terms 
in (|3.51|) we have: 



me ■■ 



m,, : 



: 



Si (el {4>2))ieR + g'l {dL (02))i' e'A + g'i (cL {4>i))v' e'R 

- 92 (eL (0?*))i ei? - g'2 {CL (</>?*))!' e'A - g'i {^L i^lDi" Br + h.c. , (3.54) 
gi {uL {4>i))iUR + g'l {uL {4>i))i' u"r + g'i {ul Ur 

+ 02 {uL {(f2))iUR + g'2 {uL u"r + g'i {ul {(^IDi!' u'r + h.c. , (3.55) 

53 (dL {<p'd))idR + 53 (dL (0S))i' 4 + 53 (dL (02))i" d'R + h.c. , (3.56) 

53 {i^L {c^'dDi'^R + 53 (^L i^'dlh' 4, + 53 (^L {<l>'d*)h" ^'r + h.c. . (3.57) 



0(*)\ 



Following a similar procedure as in Sec. 13.3. H and choosing the vacuum patterns: (^^^ 2 

{v^il,v^il,v^il) , {4>^a) = (02*) = {vd,Vd,Vd), we find that 



U^fhu , md = m^ = U^fhd , 



I.e. 



eL 



V 



uL 



dL 



eR 



uR 



VdR = I 



(3.58) 
(3.59) 



where 



diag {giV2 - g2V*i , 5W2 - 52^i , g'iv2 - g'ivl) , 



(3.60) 



^^See Appendix [R2] for the detailed steps leading to these. 
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mu = Vs diag {givi + g2V2 , g[vi + ^^^l , ^[vx + 52 ^^2) > (3-61) 
= \/3 diag (53 Vd , g'sVd , g'i Vd) ■ (3.62) 

In addition, it can be shown that when the A4 sing lets (A?), (A? ) and (A? ) acquire 
nonzero VEVs, the resulting neutrino Majorana mass matrix, is an arbitrary complex 
symmetric matrix (see Appendix IB. 2p . 

Putting all these together we see that this model predicts the relation: 

Mr ~ mdC/pMNS^ii^^f^PMNs"^^ ' (3-63) 

where C/pMNS = V'eiVj = ulvj is unconstrained whereas Uqkm = ^ulV^l ~ ^^^i^ — ^■ 
Hence, at tree-level, there is no quark mixing. However, since the symmetry enforcing 
this result is now broken, radiative corrections can generate nonzero quark mixing 1^. 
Furthermore, it is interesting that the form of the mixing matrices predicted by this model 
is consistent with small quark mixing (C/ckm — I), whereas neutrino mixing (f/pMNS = 
U^Vu) is large [156]. This is because is a trimaximal mixing matrix, and so, unless 
one expects the product of the two would be very dissimilar to the identity. 



3.3.3 Relating mf; to fhe via a left-right model 

Finally, we explore the possibility of relating to the charged lepton mass matrix via a 
left-right model [145] with flavor symmetry. The symmetry group under consideration 
is 

Gs = SU i3)c SU{2) L <S) SU{2) C/(1)b-l x A4 . (3.64) 

Here, the imposition of the discrete L ^ R parity symmetry is not necessary, and hence 
will be omitted for simplicity. The complete list of relevant particle contents for this setup 
is: 



^L= ~(1,2,1,-1)(3); ^R=\''\ ~(l,l,2,-l)(lel'el") 



^^We have not attempted to prove that realistic mixing angles can be obtained since the quark sector is 
not the main focus of our work here. 
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QL =C^j- (3, 2, 1, l/3)(3) ; q^ = \ ^ (3, 1, 2, l/3)(3) ; 

AO 0+ \ _ ~ i -<f -(/.+ ', 

1 ~ (1,2,2, 0)(3); ci>, = T2$*r2= ^ | ~ (1, 2, 2, 0)(3) ; 

I ^° "^f I ~(i,2,2,o)(iei'©i"); 
^, = t2Kt2= \ ~(i,2,2,o)(i©i'ei"); 

Ar=\ ' ^ -(1'1'3,2)(1©1'©1"), (3.65) 



where we have dehberately embedded the same Higgs doublet into to form a real bidou- 
blet. In matrix form, the G3 invariant Lagrangian has the following terms: 

-£3 = \yi Jl (-R + \i + Ay2 qi QR + ^y2 Ql QR + \3 Ql QR 

+ Xy3qL^gqB + Xyii%iT2ARiR + li.c. , (3.66) 

where (^T2)i2 = — (2^2)21 = 1 and (1x2)11 = (^"^2)22 = 0. When the symmetry is broken 
spontaneously by the nonzero VEVs, 

(3.67) 

where {^i) = —{^c), G M and O (vs) ^ O {vi^a,b), we obtain mass relations of the form: 

mu = {Xy2- >^y2)ve + Xy3VA + Xy3V% , rn^ = (Xyi - Xyi) Vi , (3.68) 

md = -{Xy2 - Xy2)vi + Xy3VB + Xy3v\ , rUe = -{Xyi - Xyi)vi . (3.69) 

In flavor space, the charged-lepton and neutrino Dirac-mass terms become 

me : - [yi (e^ (/*))i + y[ {cl (/*))i' e'^ + y'l {cl (/*))i" e'^] 

+ yi (eL (/*))i e,?^ + y[ (e^ (/*))i' e'A + y'l (ex (/*))i" e'^ + h.c. , (3.70) 
: yi {Vl (/) ) 1 ur + y[ {ul )i' 4 + v'i (^L (/) ) 1" ^'r 

- [yi [vl {<tP))ii^R + y'l [vl {<P'))i' 4 + y'l ipL (/))i" ^'r] + h.c. . (3.71) 
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Taking 



aO*\ = /aO\ 



{vi,V£,V£) and then comparing Eqs. (|3.70p and (|3.7ip . one gets Hi 



nip 



(3.72) 



where fhe = diag(-v/3(— , V^{—yi+yi)v£ , V^i—y'i+y'Dvi). Whereas the neutrino 
Majorana mass matrix is a general complex symmetric just like in our other examples, the 
quark mass matrices have a special form. For niu the expanded Lagrangian, 



y2s {UL Ur)3s (</'°) + y2a (uL URjSa (0°) " y2s {ul Ur)zs {4>^) " ?/2a (^L Mi?)3a {4>^) 

+ {uL ur)i {(t^Al + ya (^i {'^a) + v'i i^i {4>a) + m {ul ur)i {^b) 



+ y's {uL Ur)i> {4>b ) + y'i {uL Ur)i" 



+ h.c. 



(3.73) 



gives rise to a mass matrix of the form (See Appendix IB. 3P 



(1') 



2 -'A -"2 



(3.74) 



while it can be shown that mass matrix also has a similar structure: 



/y(l) 



rud 



2 

V-^2 



-y+ 

{!') 



->^2"\ 

-y2' 
(1") 



->^2" 7 



(3.75) 



where y2 , y^ and y^ are complicated functions of the VEVs and Yukawa 



couplings. Equations (|3.74p and (|3.75p imply that the diagonalization matrices VuL and 
VdL are not completely arbitrary. However, it is easy to see that there are enough degrees 
of freedom in the resulting C/ckm = ^ulV^l such that experimental data can be fitted. 
Returning to (I3.72p . it is clear that the main prediction of this model is 



Mr ~ fhe C/pMNS ^ ^PMNS 



(3.76) 



where C/pmns = VeLyJ = U^Vu is a priori arbitrary and to be fitted to the experimental 



observations. 



^^See Appendix IB. 31 for details. 
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The general conclusion from the previous section is that it is possible to use symmetries 
to construct the relation 

Mij ~ mj J/pMNS C^PMNS % ' f = e,doru, (3.77) 

that links the high-energy seesaw sector to low-energy observables. Using the current ex- 
perimental data on quarks and leptons, the properties of the heavy RH Majorana neutrinos 
in these models can therefore be inferred directly, and interesting consequences may arise. 
So in this section, we discuss some of the implications of these models. 

To begin with, we recall that i7pMNS can be conveniently parametrized by the generic 
form given in (|1.2p on page lU where the mixing matrix is completely defined by three 
mixing angles: ^235^12,^13, one CP violating Dirac phase: 6, and two Majorana phases: 
ai, 02- However, in calculations, it is often convenient to absorb the Majorana phases into 
TTijy in (|3.77|) and allow the m^'s to be complex masses instead. This way the expressions 
are much simpler without loss of generality, and one can always reintroduce the Majorana 
phases when needed. 

In our numerical analyses, we use the best fit values for the mixing angles displayed 
in p.l2p on page [7l while for the analytical work, we assume that ?7pMNS has an exact 
tribimaximal form [25] (see p. 151) ). In other words, we take 

sin2 ^12 = ^ , sin2 023 = ^, sin2 ^13 = . (3.78) 

The inputs to the light neutrino mass matrix fhi, will be governed by the square-mass 
differences of (|1.13p and the implied upper limit from cosmology [40,41] of 

\mi\ < 0.2 eV , (3.79) 

for each ith LH neutrino [Ij. Furthermore, we study (I3.77P by taking a generic form for 
fhf = diag(^i, ^2, C3) where ^1 ^ ^2 ^3 is assumed. It is obvious that once fhf has been 
chosen (i.e. ^i^s are known), only 6,ai,a2 and \mi\ (or |m3| for the inverted hierarchy 
case) can potentially change the form of Mr and its eigenvalue spectrum. Moreover, if 
6*13 ~ 0, it is expected that the Dirac phase, 6, would not play a significant role which 
will reduce the parameter space even further. But it should be pointed out that when 



^^See discussion on page 1101 
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the 13-mixing is nonzero (e.g. at the best fit value of 5.7°), the choice of Dirac phase can 
influence the Mr mass eigenvalues significantly (almost 2 orders of magnitude) for tiny 
sets of Majorana phases and |mi_3| values as our numerical scan of the parameter space 
have indicated. Therefore, care must be taken when analysing Mr, especially in the study 
of their leptogenesis implications. 

Using the prescription described above, we approximate C/pMNS with the tribimaximal 
form and absorb ai^2 into mi^2 respectively. So after expanding out the RHS of (|3.77p . we 
obtain 



Mr = Ml 



' 3mi 3m2 



v 



-iiii _|_ gig2 

3mi 3m2 



€2 I '.2 J i2 

3m2 



6mi 



JL 

2mz 



jljs _|_ gi6 
3mi 3m2 



_|_ €2^3 _ i2i-i 

6m,i 3m2 2m3 

S3 _|_ ^3 _|_ ^3 

6mi 3m2 2m3 



(3.80) 



The leading behaviors of the mass spectrum for Mr can be studied by investigating the 
limiting cases of Eq. (|3.80p . Consequently, with the support of numerical analyses, im- 
portant insights into the connection between the RH and LH seesaw sectors, as well as 
predictions in leptogenesis and collider phenomenologies can be gained. We present our 
studies on these in the next few subsections. 

3.4.1 Fully hierarchical light neutrinos 



For the normal hierarchy scheme, we have \mi\ — > with |r?T,2,3| related to \m\\ via p. 101) . 
Therefore, in this limit, we can write Eq. (|3.80p as 



/ 2€? _£i«3\ 

3mi 3mi 3mi 



Mr = Mro + AMr 



where Mrq = 



'»2 
6mi 



Ms 

JL / 

6mi / 



(3.81) 



is the dominant part of the matrix as \mi\ — > 0, while AM/j is considered to be a small 
perturbation. Suppose that the eigenvalue equation for Mrq reads 



MrqU. 



iO 



(3.82) 



where Eiq and Ujo denote the zth eigenvalues and eigenvectors respectively. Then, pertur- 
bation theory implies that the true solutions for Mr may be expressed as 



El — EiQ + AEi , 



(3.83) 
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(3.84) 



with the variation in the eigenvalues given by 



AEi = uJo ■ (AMr) -Uio , i = l,2 and 3 



(3.85) 



to first order. Solving Eq. (|3.82|) for EiQ, one immediately gets 



and 



kik2 



( izki \ 
\-2C1k2J 



, E: 



30 



6mi 



6|mi| 



(3.86) 



, ^^20 = 1- 



V2J 



U30 



kik2 



V 6^:2 / 



(3.87) 



where ki = \/4^i + ?2 + ^3 ^2 = \/4^i + Cf - Using these in (|3.85ll and in the limit of 
6^62 and Imsl » \m2\, one obtains 



AEi 



m2 



AEo 



7713 



m2 



(3.8^ 



Hence to leading order, the heavy RH neutrino masses are given by 

3^? 



\Mi\ 



"12 



IM2I 



2^1 



|W'3| 



IM3I 



el 



6|mi| 



(3.89) 



It is interesting to note that due to the large neutrino mixing, the expected correspondence 
between mj and the Dirac masses, oc 6^, no longer holds and that only the largest RH 
neutrino mass is a function of \mi\ Substituting in the running fermion masses m(/i) 
at /i ~ 10^ GeV [161] as typical values for 6's, the predictions of the RH neutrino masses 
for all cases: f = u,d,e (and assuming normal hierarchy for light neutrinos) are 

u : \Mi\ ~ 5.6 X 10^ GeV , IM2I ~ 5.5 x 10^ GeV , IM3I > 2.0 x lO^'' GeV , (3.90) 
d : I Ml I ~ 2.3 X 10*^ GeV , IM2I ~ 1.1 x 10^ GeV , IM3I > 3.8 x 10^° GeV , (3.91) 
e : \Mi\ ~ 9.0 x 10^ GeV , IM2I ~ 4.8 x 10^ GeV , IM3I > 5.7 x 10^° GeV . (3.92) 



^^Here, «io's have been chosen to be orthonormal to each other. 
^'^These results are consistent with those in references [159,160]. 
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The plots of Mi^2,3 as a function of \mi \ for the case mj = fhu and for many different values 
of 5, a\^2 are shown in Fig. 13.11 while similar plots for the d- and e-case can be found in 
Fig. 13.21 These numerical results validate the trend predicted by the theoretical analysis. 
The tallest spikes in the diagrams of Fig. 13. H are locations where level crossing occurs {M\^2 
or M2,3 are quasi-degenerate) for certain special values of Dirac and Majorana phases, an 
effect that has been previously studied in [160,162]. 

For the inverted hierarchy scheme (|?7i3| ^ ~ |f7^2|), we return to Eq. (I3.80p and 
note that the dominant part of the matrix looks like 



/ 



Mm 



f2 
?2 



\ 



2m3 2m3 

V JL 

\ 2m3 



(3.93) 



Following the procedure outlined previously, we find that (|3.93p gives rise to 

-E'lO 5 -£'20 = , -©30 



?3 



2m3 2|m3| 



(3.94) 



and 



Uio = -r- 



U20 







U30 = 1- 



( \ 

-6 



(3.95) 



where ^3 = -x/Ci + ^i- These results then leads to the following expressions for the Mr 
masses: 



\Mi\ 



IM2I 



2ei 



IM3I 



S3 



+ 



?3 



?3 



(3.96) 



\m2\ ' ' ' \m2\ ' " 2|m3| 2|m2| 2|m3| 
Invoking relation (jLllh on page[6]and taking {m^l — > 0, it can be shown that the resulting 
numerical values for (I3.96P are very similar to those shown in Eqs. (I3.90p to (|3.92l) . 



3.4.2 Quasi-degenerate light neutrinos 

When the lightest neutrino mass approaches the upper bound of (I3.79p . we have \mi\ ~ 
\m2\ — \m3\. Furthermore, if we assume that the Majorana phases ai^2 are negligible, then 



Eq. (|3.80|) has a simple form: 



\mi\ 



Mr ~ 



'=2 

\mi\ 







(3.97) 
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So, it follows immediately that the approximate scale for the Mj's for quasi- degenerate 
light neutrinos is given by 

u : \Mi\ ~ 8.5 X 10^ GeV , jMa] ~ 6.8 x 10^ GeV , IM3I ~ 5.9 x 10^^ GeV , (3.98) 
d : \Mi\ ~ 3.4 X 10^ GeV , jMa] ~ 1.3 x 10^ GeV , IM3I ~ 1.1 x 10^° GeV , (3.99) 
e : \Mi\ ~ 1.4 x 10^ GeV , IM2I ~ 5.9 x 10^ GeV , IM3I ~ 1.7 x 10^° GeV . (3.100) 

Inspecting the numerical results for Mr near \mi\ ~ 0.1 in Fig. l3.1l and l3.2l we see that the 
above estimates agree well (within about 1 order of magnitude) with the more encompassing 
treatment where Majorana phases 01^2 are not ignored. 

3.4.3 Thermal leptogenesis 

Using the Mr mass spectrum information presented above, several general comments on 
the possibility of baryon asymmetry generation via thermal leptogenesis for the models 
discussed in Section 13.31 can be made. First of all, we note that for both the hierarchical 
and quasi-degenerate cases. Mi is typically in the range of 10^ - 10*^ GeV. In addition, it 
is clear that the RH Majorana neutrinos are strongly hierarchical (Mi <^ M2 <C M3) in 
all these situations. Therefore, based on our discussion in Sec. 11.4.11 and in particular, the 
resultant lower bound on Mi (see (|1.13ip ). conventional leptogenesis where the asymmetry 
is generated predominantly by the decay of A'^i's would not be successful in these mod- 
els However, as we have illustrated in Sec. 11.4.2] to Sec. 11.4.41 there exists other special 
solutions to the leptogenesis scenario which can circumvent those restrictions imposed by 
the standard setup. 

As was pointed out earlier, the tall spikes in the plots of Figs. 13.11 and 13.21 indicate 
that there are regions in the parameter space for these models where Mi and M2 become 
almost degenerate. Consequently, it has been shown in a similar model in [160] that a 
sufficient baryon asymmetry can be generated from resonant enhancement [117-122] to 
the raw CP asymmetry in the decays of A'^i's (see Sec. 11.4.41) . Furthermore, a similar 
enhancement to the decay of the next-to-the- lightest RH neutrino N2, when M2 and M3 
become degenerate, can also produce the desired asymmetry in principle, as long as washout 
effects mediated by the lighter A''i's are insufficient [114]. In other words, both resonant 
A''i- and A'^2-leptogenesis are realistic possibilities for the representative models discussed 
in Sec. 13.31 



similar conclusion was reached in [160] where they studied the implications of having a neutrino 
Dirac mass matrix with strongly hierarchical eigenvalues. 



106 



Chapter 3. Seesaw sector and low-energy observables 




[GeV] 



|mi| [eV] 




mil [eV] 



Ml [GeV] 




[eV] 



Figure 3.1: Plots of Mi, 2, 3 vs. \mi\ in the fhf = fhu case with normal hierarchy for light neutrino masses 
assumed. Input running masses used: mu(/i) = 1.3 MeV, mc(/x) = 0.37 GeV, ratip) = 1.1 x 10^ GeV, 
where ^ ~ 10^ GeV. Each plot contains approximately 3.18 x 10^ data points produced by systematically 
sweeping the |mi| and 5, ai,2 G (0, 27r) parameter space. 



3.4 Phenomenology 



107 






0.0001 0.001 



Figure 3.2: Plots of Mi, 2, 3 vs. |mi| in the fhf = fhd case (LEFT column) and rhf = rhe case (RIGHT 
column) with normal hierarchy for light neutrino masses assumed. Input running masses used: (LEFT) 
md(M) = 2.6 MeV, m,{p) = 52 MeV, mb{fi) = 1.5 GeV, and (RIGHT) me(^i) = 0.52 MeV, mM = 
1.1 X 10^ MeV, rririfi) = 1.8 GeV, where ^ ~ 10^ GeV. Each plot contains approximately 1.0 x 10^ data 
points produced by systematically sweeping \mi\ and the J, ai,2 G (0, 2-k) parameter space. 



Another interesting observation is that, recently, Ref. [163] investigated the possibility 
of successful leptogenesis (without the need for resonant enhancement) in models with 
5O(10)-inspired mass relations which have properties similar to those presented here (see 
also [164]). In the analysis of [163], they explored the situation where the asymmetry is 
predominantly generated by N2 decays and when flavor effects [103-110] are important. 
Specifically, A''2-leptogenesis (see Sec. I1.4.3P in the relevant range of 10^ < M2 < 10^^ GeV 
was studied. This results in a two-flavor regime where the lepton asymmetry is stored 
in the r-component, as well as a coherent superposition of (e, /i)-components. Subse- 
quently, flavor dependent washout effects (see Sec. I1.4.2j) coming from interactions with 
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A^'i's would not completely erase all components of the asymmetry generated by the A''2's 
under certain situations. One central conclusion in [163] is that, for this mechanism to 
generate enough asymmetry, the mass of the next-to-the-lightest RH neutrino must be 
about Ma ~ 10^^ GeV. 

Inspecting the Ma-plot of Fig. ISTTl (corresponding to the mj = fhu case), we can see that 
the condition of M2 ~ 10^^ GeV can be marginally met by a small region of the parameter 
space (near the various spikes for \mi\ values between 2 x 10~^ and 8 x 10~^ eV), whereas 
the rhf = fhd,e cases are definitely ruled out for this scenario due to the smallness of 
M2. Therefore, it appears that for some special values of |mi| with certain sets of phases 
((5, ai,2), leptogenesis via N2 decays taking into account the effects of flavor is also possible 
(for the rhf = fhu model) in addition to resonant leptogenesis. 

Moreover, if this picture of flavored A'^a-leptogenesis is indeed the mechanism respon- 
sible for generating the baryon asymmetry of the Universe, then the corresponding sets 
of low energy phases in our model (5, 01^2) which make this possible will generally lead 
to modifications of the effective Majorana neutrino mass, mpp (see Sec. 11.2.11 and (|1.17p 
on page [9j) responsible for controlling the neutrinoless double beta decay rate. For ex- 
ample, taking |mi| = 0.070 eV and assuming normal hierarchy, the phases implied by 
A^2 -leptogenesis will lead to mpp ^ 0.047 eV, which is a noticeable reduction from 0.070 eV 
in cases where both Majorana phases are turned off However, present experimental 
upper limits on m^^ lie somewhere between 0.16 and 0.68 eV [34], and so it is difficult 
to distinguish such differences. The detection of this may only be possible in future ex- 
periments such as CUORE [37], GERDA [38] and Majorana [39] which have a projected 
sensitivity down to about 0.05 eV[H^. 

In summary, while the models presented in Sec. l3.3l do not generically lead to successful 
baryon asymmetry generation via thermal leptogenesis, some fine-tuned special cases do 
exist. Furthermore, it is possible that the enlargement of the workable parameter space for 
leptogenesis can result from modifications to the Higgs sector of these models, however, 
such analyses are beyond the scope of this work. 



^^The reason we have picked \mi\ — 0.070 eV in this discussion is because so far we have not found any 
set of phases for \mi \ > 0.08 in which A'2-leptogenesis is actually viable. 
^"See Sec. I1.2.T] when this was first discussed. 
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3.4.4 Collider signatures c. 

It is interesting to note that in the case with mj = fhe, the lightest heavy Majorana 
neutrino mass, Mi can be as low as about 1 TeV, opening up the possibility of seeing 
signals of such a particle at the Large Hadron Collider (LHC) and or a future International 
Linear Collider (ILC). But as we shall demonstrate below, it turns out that such signal are 
too weak to be observable. 

Firstly recall that through the type I seesaw mechanism, the heavy Majorana neu- 
trinos, N (where we have dropped the subscript for brevity) may interact with the SM 
gauge bosons because of their mixing between light neutrinos (see Eqs. (11.301) to (ll.33j) ). 
We parametrize this mixing through the quantity V^iV (^ = ^^fJ-jT), and the interaction 
Lagrangians look like 

Cw = -^VmiW Pl N + h.c. , 

^z = - ^ \ V^nV^PlN + \i.c. , (3.101) 
2 cos Ow 

where Pl,r = (1 T 75)/2- With these interactions, it is possible to produce signals for 
heavy neutral leptons through qq' W* — > £N followed hy N ^ iW or vZ. Note 
that the production of by — > Z* — > vN is much harder to study due to large 
backgrounds. However, since the dominant component of the heavy neutral leptons, is 
the RH electroweak singlets i/^j, the amplitude of the mixing quantity, V^tv is in general 
very tiny and is of order m^M^^, where mi and Mtv denote the masses of charged lepton 
I and heavy neutrino respectively. So typically, one has about V^at ~ O (lO~^). 

Moreover in [165], a model-independent study assuming only Vit^ ~ O (10^2) was done 
for such mechanism, and it was found that in order to lead to a detectable heavy neutral 
lepton signal, the mass of must be of order 100 GeV or less, for the initial stage of 
LHC running with luminosity of order 10 fb^^. Hence, even if our models can satisfy the 
condition for V^at, the A'^i masses are too large for this purpose. Besides, our numerical 
results have indicated that the amplitudes of V^at are actually too tiny even in the best case 
scenarios. For instance, assuming \m\\ ~ 0.2 eV which will saturate the bound of (|3.79|) . 
and special choice of phases, one obtains |Fe7v| — 2.3 x 10~^ (with M\ ~ 1.2 x 10^ GeV 
in the inverted hierarchy scheme). This is much less than the minimum O (l0~^) required 
to produce an observable signal in any of the channels [166]. The suppression is even 
greater for the fj. ov t flavor because of the hierarchical structure of Mr. As a result, it 



^^X. G. He has made significant contribution to this subsection. 
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is very difficult to detect the heavy neutral leptons through this mechanism even with an 
integrated luminosity up to 300 fb~^. 

It is worth mentioning that if there is only one Higgs doublet, there is also a light 
neutrino and heavy neutral lepton interaction with the Higgs particle given by 

Ch = -^i^ {ViNyHPRN + . (3.102) 

This interaction, although not of much help in the production of heavy neutral leptons 
through qq H* vN, does provide another channel for N decay. If the Higgs mass is 
not too much larger than the W boson mass, the decay rate is similar to that ioi N ^ iW 
or I'Z. 

In the models we are considering, there are several Higgs doublets. The neutral Higgs 
couplings to light neutrinos and heavy neutral leptons are then not necessarily proportional 
to MnVin and can increase the decay rate. Besides, in our models there are charged Higgs 
bosons interacting with light neutrinos and heavy neutral leptons which provide additional 
channels for detection of the A^'s. Unfortunately, given the smallness of the mixing quantity 
ViN mentioned above, it is still very difficult to detect a heavy neutral lepton with mass 
of order 1 TeV at the LHC even with 300 fb~^ of luminosity. 

Finally, charged Higgs couplings to charged leptons and heavy neutral leptons may 
have interesting signals at the ILC through e+e" H^H~ with t-channel heavy Higgs ex- 
change, and e^e^ — > H^H^ with n-channel N exchange [127]. In particular, the processes: 
e^e^ — > H^H^ are very sensitive to the heavy neutral lepton mass. It has been shown 
in [127] that if IV^at] is in the range of 10~^ to 10~^, the ILC with an energy of 500 GeV can 
probe heavy neutral lepton masses up to 10^ TeV. In our case, the charged Higgs coupling 
to charged leptons and heavy neutral leptons can be larger than V^jy ~ 'meM^^ , but still 
too small to be probed using the processes mentioned above. 



3.5 Summary and outlook 

If the type I seesaw mechanism is the correct theory in explaining how ordinary neutrinos 
gain their tiny but nonzero mass, then the extended SM necessarily contains a high-energy 
RH neutrino sector. But owing to the largely unconstrained nature of the heavy seesaw pa- 
rameter space, such a framework per se lacks the genuine predictive powers one would need 
for testing it in low-energy experiments. Indeed, the seesaw relation implies that the scale 
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of Mr must be much higher than the electroweak scale, and hence direct measurements of 
this sector are beyond the reach of current and next-generation colhders. 

In the hght of this missing hnk, we explored the possibility of constraining the heavy 
seesaw sector through symmetries such that the RH neutrino mass matrix is given in terms 
of only low-energy fermion masses, mixing angles and CP phases. The general strategy 
employed in this work involves, firstly, expanding the symmetry of the gauge group so that 
the Yukawa couplings of the neutrinos are forced to be the same as some of the charged 
leptons or quarks, and secondly, introducing an underlying flavor symmetry relating the 
different generations in such a way that the relevant diagonalisation matrices are completely 
known. We have shown by explicit examples that such symmetries exist and the simplest 
models of this type yield a relation: M/j ~ fhf C^p^NS ^pmns where f = e,d, u. 

Since the connection between the high- and low-energy sectors is complete in these mod- 
els, it is essential to examine their improved predictability and testability. Most notably, 
the strong dependence of leptogenesis on the RH neutrino sector provides an important 
avenue to rule in or out models of this type based on studies from cosmology. In particular, 
for our representative models, we have found that successful leptogenesis is only possible 
in the f = u case and within certain fine-tuned regions of the parameter space. As a 
result, future precision measurements on the low-energy CP phases can be a direct way to 
distinguishing these models with others in the context of the leptogenesis. 

Furthermore, we have discovered that the / = e case can supply a heavy neutral lepton 
with a mass being as low as a few TeV, opening the prospect for directly probing them 
in colliders. Although the detailed investigation has concluded that the signals coming 
from the heavy neutral leptons are far too weak to be detectable at either the LHC or a 
future ILC, it is nonetheless an illustrative example of the new possibilities such models 
can provide. 

Potential extension to the work presented here may include exploring the role of the 
CKM matrix in place of C/pMNS in the current models, or the effect of having both mixing 
matrices in the formula for Mr. Secondly, given that many of the diagonalization matrices 
in our explicit models are forced to be the identity by the selected flavor symmetry, it 
may be fruitful to examine other symmetry groups that can give rise to a richer structure. 
Finally, another obvious line of investigation could be to generalize the relationship between 
the neutrino Dirac mass matrix and fhf away from being a strict equality by the use of 
Clebsch-Gordan coefficients and a more complicated Higgs sector. 
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4 



Electromagnetic leptogenesis 



e c a 1 1 from our discussion in Sec. 11.2.61 that the existence of neutrino electro- 
magnetic dipole moments (EMDM) is a major consequence of neutrinos having a 



i L nonzero mass. Although in cases where neutrinos are Majorana particles (e.g. in 
the type I seesaw mechanism) only their transition dipole moments are nonzero due to the 
Hermiticity of the Lagrangian [53,54], the role played by these interactions are important 
in their own right. For instance, the active-active neutrino transitions through such mo- 
ments can have interesting implications in astrophysics when they are resonantly enhanced 
in matter [167,168]. Also, it is known that neutrino EMDM can provide crucial hints on 
the nature of neutrinos (Majorana or otherwise) [58,59]. Therefore, further studies into 
their effects are well-motivated. 

Our interest here is the active-sterile interactions between the LH light and RH heavy 
neutrinos via the effective transition dipole operator and their potential implications in 
cosmology. Specifically, we would like to investigate whether the lepton number violating 
radiative decay of the heavy sterile neutrinos (A^ — > i/ 7) can give rise to a baryon asymme- 
try, in analogy to the standard leptogenesis scenario where A^-decays are mediated by the 
Yukawa couplings {N i(f>). This issue is worth exploring not only because the presence 
of these transition moments are very likely, but also from the neutrino model building point 
of view, such new processes may lead to significant change in the region of applicability 
for successful leptogenesis. 

In the following, we outline the relevant properties of the EMDM couplings and present 
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explicit calculations of the CP asymmetry induced by the decays of N through such effec- 
tive operators, with the aim to demonstrate the viability of lepton number creation in this 
newly added sector. To this end, we also revisit the topic on the necessary requirements 
for a decay process to manifestly violate CP and discuss the simplified Majorana Feyn- 
man rules employed in the calculations. We shall conclude by comparing this scenario of 
electromagnetic leptogenesis with the standard Yukawa-mediated well as comment 

on the connection between EMDM operators and neutrino mass. 



4. 1 EMDM coupling between light and hieavy neutrinos 

In order to deduce the potential implications of the EMDM operators in leptogenesis, it is 
imperative to understand the properties of the transition form factors ^jk and djk in the 
generic dipole moment coupling between light [v] and heavy (A^) neutrinos: 

>Cem = il^jk + il^djk) Nk F"^ + h.c. , (4.1) 

where Uj = e'^^^ Uj and A''^ = e*"^*^ A''^ [j, k are the mass labels) are Majorana neutrino 
fields y while F"^ denotes the photon field tensor as usual. Also, we use the definition: 
Ca/3 = ^ [7")7^]/2- Rewriting Uj and Nk using the Majorana condition, we obtain 

Cem = il^jk + il'djk) cTaf3 e'^^ F"^ + h.c. , 

where C is the charge conjugation operator with the following conventions: 

= c'^'^ , = c^^ , c^ = -c , c^c'^ = C*C = -I , C^S^C" = (7^)^ , 

C- VC = (-7'^)^ , C-^a^^'^C = {-a^^n^ , C'^ Pr^lC = {Pr^lV , (4.3) 

where Pr^l = (1 i 7^)/2. Transposing the first term in (|4.2p and using (14. 3|) to simplify 
the expression, one eventually gets after some algebra 

Cem = -e-'^'^^-^^Wk {pjk + il^'djk) Oo^p Vj F"^ + h.c. . (4.4) 



^See also Eq. I|1.5ip on page [HI 

^ Since we shall work within the type I seesaw framework (with three RH neutrinos) throughout, neu- 
trinos will always assumed to be Majorana with e"'j and e"^*-' denoting the charge conjugation phase 
factors. 
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If we write out the h.c. term (which is iV^ (/i*^ + i^^d*^) a^p Vj F"^) and compare it with 
the first term in (|4.4p . we can conclude that 

= -e'(''^-'^'=)/x*, and d^j, = -e'^'^^-^'^^ d*^ . (4.5) 

Prom this, we get 

^i% = \^l,k?e'^^^-^'^+^\ (4.6) 

^ ^l,k = \Hk\ie'^''^-'"'^'^ ■ (4.7) 

Similarly, we have the analogous expression for djk- An important note on this is that 
although the relations between and /i*^, as well as djk and d*^ depends on the choice 
of the charge conjugation phase factor, once "dj and ifk are chosen, they are fixed. In par- 
ticular, when -dj = c^fc, we have the situation where ^jk and djk must be purely imaginary. 
Furthermore, it is worth mentioning that if Lagrangian (14. ip is CP invariant, then only 
one of ^jk and djk survives [53,54]. But in our work here we do not impose such condition 
and the only assumptions we shall make are Hermiticity and CPT invariance. 

In calculations, it is often much simpler to consider the EMDM coupling between 
the associated chiral components of the v and N (instead of using the form written in 
(14. ip ) because the resultant Lagrangian contains only one type of electromagnetic dipole 
moment coupling rather than distinct magnetic {p.jk) and electric {'y^djk) moment terms 
as 7^Pr,l = ±Pr,l- Letting Uj = ulj + e*''j>£^- and A''^ = Nuk + e^'^'^N^i, where i/l and 
Nji are the usual LH and RH neutrino states, then (14. ip can be rewritten into 

Cem = {i2jk + idjk) aaf3 NRk F"^ + e-*(''^-^'')(i;Z^ (/i,-fc - idjk) a^p N^Rk 

+ e*(''^ -^'=) (iV^ (^*,. + id*k) + NRk {f^*jk - id*k) i^L, , 

= i^Lj ifJ^jk + id,k) (Tap NRk F"^ - e-'^'^^-'P^^NRk (f^jk - idjk) cT^p ulj 

- e^^'^^-'^^Vi, (/i*, + id*^) a^p NRk F'^^ + NRk (/i*^ - id*^) vlj , (4.8) 



where in the last step we have followed the same procedure as that leading to (|4.4I) . Using 
(14. 7p and the analogous form for djk, the Lagrangian simplifies to the form (after absorbing 
the common factor of 2 into the definitions of // and d): 

^EM = '^Lj ifJ-jk + idjk) (Tap NRk F""^ + h.c. , (4.9) 
= VLj Xjk cJap Pr Nk F"^ + h.c. , (4.10) 



116 



Chapter 4. Electromagnetic leptogenesis 



where we have defined the EMDM couphng, \jk = fJ-jk + idjk- It is crucial to reahse that 
although both fijk and djk are individually restricted by relations like (|4.7|1 . the quantity 
Xjk appearing in the effective operator is in general complex. As a result, we can assume 
that the EMDM coupling matrix A is completely arbitrary in all of our subsequent analyses. 

4.2 Feynman rules and other useful tools 

The purpose of this section is to highlight all the relevant results and graphical rules used 
in the subsequent sections. In particular, the simplified set of Feynman rules for Majorana 
fermions adopted in our calculations will be discussed. Although we shall not attempt to 
prove these rules from first principles, the Lagrangian from which they are derived and 
their proper usage will be explained. In addition, explicit examples are presented (in this 
section and in Appendix O) to demonstrate the ability of these rules to reproduce known 
results, as well as to elucidate all the intricate steps involved. 

4.2.1 Simplified rules for Majorana fermions 

Some of the major difficulties in a typical calculation of Feynman graphs involving Majo- 
rana fermions originate from the fact that there are several different vertices and propa- 
gators one may need to consider. This multiplicity and other ambiguities such as spinor 
assignments for external lines and factor of 1/2 in loops are direct consequences of the self- 
conjugacy of Majorana particles. Although these subtleties have been properly addressed 
in the literature [169-173] (see also [56,174]), the resulting graphical rules that attempt to 
resolve the issues are often very complicated themselves. Besides, in some extreme cases, 
one is probably better off to forego these rules and revert to Wick's theorem for an un- 
equivocal treatment. Therefore, it is sensible to develop a simplified approach in handling 
the Majorana fermions which captures many of the essential features without the over- 
complications that plague the conventional methods. This is especially appropriate for 
performing calculations of our type, where absolute precision is not a paramount require- 
ment. Indeed, most parameters in leptogenesis carry a high degree of uncertainty, hence a 
multiplicative constant or an overall sign error in the expression for the CP asymmetry is 
manifestly unimportant. 

With this in mind, we shall follow the approach outlined in [98] and write down the 
corresponding rules for Majorana fermions based on a four- component version (rather than 



4.2 Feynman rules and other useful tools 



117 



the usual two) of the Weyl spinor field, ^ = + e*"^^^ (i.e. the Majorana field). The 
advantage of this method is that it yields only one type of propagator for the Majorana 
fermion, and similarly a single vertex factor is sufficient for each physical process. While it 
has been claimed in [171] that not all ambiguities may be resolved in this way due to the lack 
of a conserved quantum number carried by the Majorana fermions, and that extra rules are 
required to fix the fermion-flow problems, we have found that (by experimenting with many 
different graphs related to our work) such subtleties are inconsequential for our calculations, 
and the simplified approach of [98] is self-consistent. Furthermore, the (partially) simplified 
rules presented in [171-173], while universal, do not specifically discuss the best way to 
handle loop graphs, thus we have made a conscious decision to adopt the approach of [98] 
which naturally eliminates the confusion coming from loops with both Dirac and Majorana 
fermions — a situation which often appears in leptogenesis diagrams. 

In the following, we first write down the list of key rules and observations resulting from 
this simplified formulation, before presenting two examples from standard leptogenesis to 
demonstrate their usage. 



Majorana fermion propagator 

Since the Majorana fermion of interest in leptogenesis is the RH neutrino ur, it makes 
sense to base our discussion of the Majorana propagator on it. To begin with, we write 
down the theory in terms of the two-component RH neutrino field, uji = {i'Ri,i^R2,i^m)'^ , 
where the subscripts are indices in flavor space: 

1 



J^un = i^R^^R- ^ (^«)' ^'^R ^R-^^R Mr ■ (4.11) 

To diagonahse Mr, we let vr = r]*V^NR, where r/ = diag(e^'^l/^ giv3/2) g^^d F is a 

unitary matrix. Note that one can always select V in such a way that the eigenvalues for 
Mr are all real and positive. We have pulled out the phase ipk, and will identify it as the 
charge conjugation phase factor later. So, becomes 

Cn^ = iNR$NR- ^^jNRfDM {r]*f Nr-^Nr Dm rf iV^ , (4.12) 

where Dm = diag(Mi, M2, M3) is the diagonal mass matrix for the RH neutrinos. At this 
point, it is convenient to switch to index form and rewrite Cn^ as follows: 



1 



Nr 



i NRk^NRk + i {NRuY$N'Rk - Mk e-'^^^iNRkYNRk - Mk e'"^^ N RkN'^^^ 
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Rk 



-Mu {NRk + e~''P^iNRkY)NRM - Mk {N r^^ + e-''^^iNRky)e'^' N'r 



Rk 



= ^ [iNk0Nk-MkNkNk] , (4.13) 

where we have introduced the four- component Majorana field, A^^ = NRf^ + 6*'^*^^^ which 
satisfies = e^^f^N^. Using the charge conjugation conventions of (|4.3p . we note that 



Nk = e'-'PkN^ = -e-^^feiVjCt. Therefore, one may rewrite ([4T3]) as 



^N^ = -\ e"'"' ^IC^ [i^- Mk] Nk. (4.14) 



From this, the Majorana propagator for Nk can be readily read off as 



- ■ [SNdP)\AB 



B A 



p 



2 - M2 + ie 



(4.15) 



AB 



where A, B are spinor indices and p is the four-momentum. Note that this is the one and 
only Majorana fermion propagator arising in this approach. Because the Majorana particle 
does not carry any conserved quantum number, we denote it by a solid line with no arrows. 
Consequently, it is often the case that the direction of fermion-flow through the propagator 
in a diagram is ambiguous (an issue we have alluded to earlier). To resolve this, we set the 
flow direction to be the same as the arbitrarily defined internal momentum p for a given 
diagram. In other words, if p flows from to A as in (|4.15p . we write down the matrix 
element in the order shown. Otherwise, for p flowing from A to B, we use [• • • instead. 
This scheme is consistent as long as when we draw the "conjugate" version of a given graph 
(i.e. the graph with all Dirac fermion arrows reversed), we reverse the direction of the 
internal momentum p for the Majorana propagator while keeping all other momenta the 
same as before 0. This way, the relative sign between the two graphs will be correct with 
their amplitudes being complex conjugates of each other [^j. 



^While we have been carefully carrying around the phase (fik up to this point, it is not actually needed 
as it can always be eliminated via appropriate redefinition of fields and couplings constants. In addition, 
it will be apparent later (after we have discussed the vertex factors) that they do not enter into the final 
expression in any calculation because e*'^'= and its complex conjugate always appear together. Hence, for 
convenience, we shall drop this phase factor from our Feynman rules. 

''See the example of "vertex contribution to the CP asymmetry" in Sec. 14.2.3] on page 1125] for further 
discussion of the fermion-flow issue. 

^It is highly probable that an ambiguity in the overall sign may remain, but fortunately it is not a 
crucial issue for us. 
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Vertex factors involving a Majorana fermion 

There are basically two types of interactions which are relevant to our discussion of lepto- 
genesis. Firstly, we have the Yukawa coupling between £l and Nr, and secondly, we have 
the electromagnetic dipole interaction of (I4.10p . To be consistent with the notation used 
in the last section, let us again begin by writing down the interaction Lagrangian in terms 
of the chiral field 

Ant = -IlYur<P-Vl~X a^p VR F"^ + h.c. , (4.16) 

where II = {^L,eLV and (p = {4>^,4>~Y' are doublets of SU{2)l. Using vr = rfV'^NR to 
write (I4.16P in the mass eigenbasis for the RH neutrinos, where all symbols are as defined 
in the previous section, the Lagrangian becomes 

Ant = -rf lLhNR<l}-rf VlXgo^p Nr F"^ + h.c. , (4.17) 

where we have set h = YV'^ and A = XV'^ . Writing this in index form and introducing the 
four-component Majorana field, Nj. = Nr^ + e^^i'N'^f,, we then get 

Cint = -e-''"' iLj Pr Nkcj)- e'^^ h*^ Pl </>^ 

- e-'^" Xjk T^Lj c7„/3 Pr Nk F'^" - e'^" X*k Nk Pl vlj , (4.18) 
= 6-^^'= ^-hjk Jlj PRNk(l) + h*k Ct Pl 4>^ 

-2Xjk VLj oap Pr Nk d'^A" + 2X*k cj^p Pl VLj 5" A'^] , (4.19) 

where in the last step we have used the fact that = (9"^^ - A"^ with A being the 
photon field, and (T0/3 = — (T/Jq, to simplify the expression. It is important to note that 
the transition EMDM term displayed in (|4.18p has the same form as Eq. (I4.10p . hence 
everything that we have discussed in Sec. 14.11 regarding the coupling Xjk remains valid. 
Returning to (|4.19|) . the vertex factors for the four processes are given by : 

Nk ^ Ilj </> : N < = -I hjk Pr (4.20) 

Nk ^ Ilo <\> ■■ N < = i h]k C^Pl (4.21) 

Nk ^ VLj AP : N < = 2X,k Pr (r'^Pqa (4.22) 
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Nk ^ VLj AP : TV <; = -2A*fe C^a'^Pqa^Pi (4.23) 



where we have again dropped the phase factor for convenience 0. As stated before, this 
method gives rise to only one vertex factor per process. In addition, because of the presence 
of the hehcity projection operators, -Pr,l, in the definition of these vertices, the number of 
spin states propagating in any closed Majorana fermion loop will automatically be correct. 
Therefore, unlike other approaches, this eliminates the need to include a factor of 1/2 
for loops, and it is especially advantageous in situations where both Dirac and Majorana 
fermions appear together. 

External lines for Majorana fermion 

Because of the self-conjugacy of Majorana fermions, there are several possible choices in 
assigning spinor wave functions to the external lines. To avoid confusion, we select one 
convention that is consistent and use it for all diagrams. Specifically, our assignment is as 
follows 

V 



incoming N : N — T J = u^ip) (4.24) 



P 



outgoing N : C J N = u{p) (4.25) 



4.2.2 Frequently used results and cutting rules 

For completeness and to establish the notations, in this subsection, we concisely state 
all the standard Feynman rules and other tools (e.g. polarization sums, decay rates and 
cutting rules) which are relevant for our calculations 0. 

Propagators and external fields 

P 

z 

scalar particle 4> : » « D{p) = — ^ (4.26) 

P ~ + 



^The i is missing from l|4.22p and l|4.23p because when differentiating A'' one gets a factor of iqp, and 
this extra i will cancel with the i originating from the Dyson series. 
'^For a complete treatment, see [175]. 
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massless spin-1 particle : 



Dirac fermion t 




B 



external scalar particle : 

incoming/outgoing photon : 

incoming/outgoing Dirac fermion : 

incoming/outgoing Dirac antifermion : 



A 



+ ie 



[St 



AB 



i{f + mi) 
— mj + ie 



u{p)/u{p) 
v{p) I v{p) 



(4.27) 

AB 
(4.28) 

(4.29) 

(4.30) 

(4.31) 

(4.32) 



In the above, p denotes four-momentum as usual. 



Polarization sums and decay rates 



In calculations, the following results are often useful: 



vv = p — m 



E 

pol 



c 



E 



uu 



= C {f + m)C^ = -f + m, 



u 



(4.33) 



where p and m are momentum and mass respectively, and "pol" stands for polariza- 
tions. The charge conjugation conventions are as in (|4.3I) while the signature for g^^, is 
(+, — , — , — ). Other important formulas include the 2-body decay rate in the centre-of-mass 
frame: 



k1 



\M\', 



(4.34) 



where qis the momentum of one of the final state particle, E^m is the centre-of-mass energy 
and \A4\'^ is the decay amplitude averaged over initial and summed over final degrees of 
freedom, and the 3-body (^'i ^ ^'2 + ^'s + ^'4) differential decay rate: 



>234 



1 d^p2 d^P3 d^pi 



2Ei (27r)32^2 (27r)32£;3 {lirflEi 



(27r)V^)(pi-p2-P3-P4)|A^P . (4.35) 
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Cutkosky's cutting rules 

It has been shown in the toy model of Sec. 11.3.41 that the CP asymmetry coming from 
a particle decay is directly proportional to the imaginary part of the interference term 
of the decay amplitude. As a result, a salient feature of any Feynman graph calculation 
in leptogenesis involves isolating and computing the imaginary component. However, it 
is often quite difficult to evaluate this quantity directly, so one usually resorts to other 
methods of extracting it. 

A typical way of handling this is to invoke the optical theorem for Feynman diagrams 
and the associated cutting rules [176,177]. It is well-known that a Feynman graph will give 
rise to an imaginary part for the amplitude M. only when the internal particles running 
in a loop go on-shell. The reason for this is that at the momentum values for which the 
virtual particles are on-shell, the complex function corresponding to the amplitude has a 
branch cut singularity. Such discontinuity across the cut is related to the imaginary part 
of the amplitude via 

Disc(7W) = 2ilm{M) , (4.36) 

where Disc(A^) denotes the discontinuity of A^. Since it has been proved by Cutkosky [176] 
that there is a simple algorithm to evaluate Disc(A^) for any Feynman diagram, the com- 
putation of Im(A^) can be simplified. This method of extracting the discontinuity involves 
applying the following cutting rules to a given Feynman graph 

1. Deduce all possible ways to cut the graph such that all cut propagators can simulta- 
neously put on-shell. 

2. For each case, the inverse of the denominator of all cut propagators are replaced by 
the mass-shell (5-function, i.e. 

^ \ ^ -2^i5{p^ -m'^)Q{±\E\) , (4.37) 

where = ii^^ — with E denoting total energy, while 6{x) and 6(x) are the 
Dirac-delta and unit step functions respectively 0. 

3. Perform the loop integrals in each case. 

4. Sum up all contributions. 

The imaginary component can then easily be obtained from (|4.36|) . 



*The choice of +|-E'| or — l-Bl in l|4.37p depends on how the momentum-flow is deflned in the diagram. 
We select the when four-momentum is flowing forward in time, otherwise we pick —\E\. 
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4.2.3 Some illustrative examples 

The aim of this section is to provide some concrete examples [f] showing the application of the 
simplified Majorana Feynman rules introduced in Sec. 14.2.11 In doing so, we demonstrate 
that these rules are capable of reproducing the standard results while highlighting all the 
intricacies involved. It will also serve as a guide for our calculations in electromagnetic 
leptogenesis later. 

Tree-level contribution to ^ 1(f) 

Our first example is to calculate the tree-level contribution to the decay rate of ^ Icj), 
using the rules and conventions described in the previous two subsections. The correspond- 
ing Feynman diagram for this process is shown in Fig. 14.1b . 

Following the rules outlined in Sec. 14.2. H and Sec. 14.2.21 we can immediately write down 
the amplitude for this decay as 



iM 



Uj{-ihjkPR)ul , 
Uj{-ihjkPR)Cul . 



(4.38) 



\M\' 



Uj{-ihjkPR)Cul [uj{-ihjkPR}ul]^ , 
Uj{-i hjkPR)Cul{i h*i?){-vlC^ PiUj) , 
-{h*khjk)ujPRCululC^ Pluj , 



(4.39) 




When the universe was hot enough, ij and (p are strongly relativistic, so me. , « and 




(4.40) 



(4.41) 



(4.42) 



The four-momenta in the centre-of-mass frame are given by 



p = (Mfc , 0) , p' = (Mfc/2 , -q), q = (A4/2 , q) , 



(4.43) 



®More examples are presented in Appendix IC. II 
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Figure 4.1: (a) The Feynman graph for the process A^fc — > (b) The graph for A^fe —> lj4>. Here 

q — p — p' , and {Vh)jk = —i hjt Pr and (y^)jk = i h*^. Pl are the vertex factors. 

and one can quickly deduce that \q[ = and p-p'=p-q = p'-q = M|/2. 
Therefore, we obtain 

= {h} h)kk—^ ■ (after summing over j) (4.44) 

Using Eq. (|4.34|) . the decay rate for Nk icj) is then 

= i^A4, (4.45) 

where the factor of 2 comes from the fact that there are two possible decay channels: 
Nk — > uclP and — > e~ When k = 1, result (|4.45|) is identical to the rate quoted 
earlier in (I1.99P on page[ 



Tree-level contribution to ^ icj) 

We shall repeat the exercise the for the antiparticle decay, and check for con- 

sistency. The Feynman graph for this is depicted in Fig. 14.1b . Prom this we have for the 
amplitude 

-iM = {nlf{ih*kC^PL)vj, 

= -ih*jMkPLVj . (4.46) 
\M\^ = -ih*f^UkPLVj [-ih*kUkPLVjy , 

= {h*f,hjk) UkPi Vj Vj Pr Uk . (4.47) 
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Averaging over initial and summing up final spin states, it then becomes 




s 




= {h*khjk){p ■ P') , 



(4.48) 



which is exactly (I4.42p . Hence, we must have r(iVfc £(p) = T{Ni^ — > £(^). This should 
come as no surprise since there can be no CP violation at tree-level as mentioned in 
Sec. 11.3.41 therefore, the rates are necessarily equal. 

Vertex contribution to the CP asymmetry 

Before concluding this subsection, we present the explicit computation of the vertex con- 
tribution to the CP asymmetry in standard leptogenesis. This is extremely instructive for 
our purposes here (and later) as it can put all the tools and formulas we have mentioned 
previously to the test. 

To begin with, we note that the required contribution comes from the interference 
between the one-loop vertex graph in Fig. 14.21 and its tree-level counterpart in Fig. 14.1b . 
So from the result displayed in (|1.82p on page[30l it is clear that one needs to compute the 
imaginary part of the interference of the two amplitudes (schematically speaking): 



Looking at Fig. 14.21 the first challenge appears to be writing down the matrix elements for 
the amplitude in the correct order. Indeed, this is one of the major issues with Majorana 
Feynman rules discussed in Sec. 14.2.11 For our simplified scheme, we use the following 
conventions: 

• We always assign the external Majorana fermions to flow in the direction which 
ensures that fermion-flow at the vertex it connects to is not broken. For example, if 
the flow from another fermion is into the vertex, then the external Majorana must 
be chosen to flow out of it and vice-versa. Note that there are no vertices involving 
three fermions in any of the models that interest us, as a result there is no potential 
contradiction with this convention. 



Im (A^ tree )^-A/i loop OC ^vertex • 



(4.49) 
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Figure 4.2: One-loop vertex correction graph for the process Nk —* £j(j). LEFT: {Vh)ab = —ihabPn and 
(Vjj*)a6 = iKibC^ Pl are the vertex factors; RIGHT: we have included the momentum flows and spinor 
indices [X], where q — p — p' , q2 = p — qi and qs — qi — q. 



• If the fermion-flow through the entire diagram is unbroken (this usually happens 
when the flow through the Majorana propagators are unambiguous), then use the 
normal convention, i.e. follow the reverse fermion-arrow direction in writing down 
all matrix elements. 

• When some of the Majorana propagators have ambiguous fermion-flow, follow the 
convention used in (|4.15p for these, and use the normal convention for all other 
fermions and vertices (including those at the two ends of the Majorana propagators). 

Thus, for the diagram in Fig. 14.21 the orderings are: 

[C] - [A] - [B] and [D] ^ [E] - [F] ^ [B] . (4.50) 

From this, the amplitude of the interference term in index form is given by 

j^^{-ihjrn){-ihnm){iKk) \uj\(j [Pr\ca ['S'tv™ (^s)] [Pr]fb 
X [Si{-qi)]EF [C^Pl]de [ulU [D{q2)]u \-ih*,ulC^ Pluj] , (4.51) 

L J 11 



(A^tree)t 

where all symbols are as defined previously. So letting = h*k^'jmhnmh*^k^ ^^^^ becomes 
(in matrix notation) 



vertex / _ ^ .^^^^2 + ^,)(^2 ^ 

d% Pr{^., + Mm)CC^PRCC^^^CC^PLCC* CululC^PLUj 
(2^)4 i^q2_Ml + te){ql+te){ql+ie) 



T' = Au 

vertex 1 

-iA 



4.2 Feynman rules and other useful tools 



127 



and using the tools introduced earlier to simplify, we obtain 



vertex 2 

2 



d\i Pr{^^ + Mm) Pr^^Pl C UkUkY C^Pl Es' 



(2vr)4 



{ql -Ml + ie){ql + ie){ql + ie) 
Pr{^^ + Mm) Pr^^Pl C [f + Mk) C^PLf' 



{ql-Ml + ie){ql+ie){ql+ie) 



iAh Mk Mr, 



Let us concentrate on the integral: 



(4.52) 



I' = ^MkMm|^, 



qi -p 



|4 (ql-Ml + ie){ql + ie){qi+ie) ' 



(4.53) 



To pick out the discontinuity, we apply the cutting rules discussed on page 11221 Firstly, we 
note that of the three possible ways to cut the diagram, only one of them can simultaneously 
put both cut propagators on-shell, due to the heaviness of Nm'- 





(4.54) 



This only way (leftmost diagram) corresponds to cutting through the propagators associ- 
ated with momenta qi and q2 (see Fig. 14. 2p . Thus, we make the replacement 



1 



qf + ie 



ql + ie 



-2^i5{ql)Q{Ei) , 

-2Tii5{ql)e{E2) = -2m6{{p - qi)^)e{Mk - Ei) , 



(4.55) 



in (|4.53p . where qi = {Ei,qi) and q2 = (£"2, 92)- Using the definitions in (I4.43|) for p,p' 
and g, we can evaluate 



qi-p = El— qi ■ {-q} = Ei— + \qi\\q\ cosd = -^(^1 + m\ cos( 



(4.56) 



where 9 is the smaller angle between qi and q. Putting all these together and substituting 
Q3 = Qi — <?, we obtain (e — > 0): 



Disc(/') 



iMlMm f dSi (-27ri)2(£i + \qi\cose)5{ql)5{{p - qi)^)Q{E,)Q{Mk - Ei) 



{q,-q)2-A4l 



128 



Chapter 4. Electromagnetic leptogenesis 



{Ei + \qi\cose) 



{E,-^Y-\q,-q\^-Ml 



(4.57) 



Applying the identity: 5{x —a ) = [5{x — a) + 5{x + a)] /2\a\, we can rewrite d{Ei — \qi\ ) 
as 



1 



d{Et - \q,\') = ^ [6iE, - \qi\)+5iE, + 



(4.58) 



Integrating over the terms corresponding to the unphysical energy option of Ei = —\qi\ 
will drop out automatically because of the step function 0(— |gi|) = and one obtains after 
some algebra 



Disc(lO= ^^ff"' / WilMqAdn- 



1 



2Mk\ 



kil-^ 



e{Mk-\qi\) 



1 + cos ( 



Mi 



{\qi\ - ^? - Wi? - ^ + cose- Ml 

where we have used the identity 8{ax) = 5{x)/\a\ and the fact that 



(4.59) 



-k-i 



19-112 + 1912-21911191005(0)] =-|9-i|2_^ + |5-,|MfcCos0. (4.60) 



Note that 9 is again the smaller angle between 91 and 9. We perform the d|9i| integral in 
(1459]) to obtain 



Disc(7') 



327r2 

-iMkMm 



1 + cos I 



4 Mf. Ml , Ml „ ,^0 



dn 



1 + cos ( 



327r2 y "'""_i_i + 2cos6l-4z ' 
where z = Ml/M^. We then evaluating / dfi: 

Disc(/') = ^Z"7'" I d4) I d{cosd) 



-iMkMm f , ^ f ^^ 1 + cosl 



327r2 

iMkMm 



2(1 - cos 61) -4^ 

l + x 



32.2 ^^^^jJ-2{l-x)+Az^ 



iMkMrr 

167r 



[-zln(-2z) - ln(-22) 

+zln(-2(z + 1)) + ln(-2(z + 1)) - 1] 
-^Vi l-(. + l)ln 



(4.61) 



(4.62) 
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Therefore, the imaginary part of /' is given by 
Im (/') = 1 Disc (/') , 



v/i 1 - z + 1 n 

327r ^ * V -r 7 



z + 1 



(4.63) 



The two last pieces of information we require before evaluating the CP asymmetry is the 
total decay rate, which we can get from (|4.45l) 



rtot = r + r = 2xi^M, = i^M,, 

lovr ovr 

and the 2-body phase space factor which may be readily read off using (|4.34|) as 

lol „ 1 Mi. 1 



(4.64) 



two channels 



1 Mfc 
^ 8^ 2Mf 



^vrMfc 



(4.65) 



Putting all these together into the general formula derived in p.85|) on page EH and 
summing over all heavy Majorana neutrino species m / k, as well as the internal lepton 
species n, the expression for the CP asymmetry due to the vertex contribution is therefore 



^vertex = ^ ^ Im(A/,) lm{l' V^) , 

-'-tot , , „ 



(4.66) 



m^k n 



where we have used lm{I' V^) = Im(I')y^ as G M, and so 



^vertex — 4 X TJJJ^^ ^ ^ ^ ^ ^^{hjjJljmhnmh. 



nk) 



X ^ ( 1 - (z + 1) In 
327r ^ * V -r ; 



m^k 



Im 



(/it/l) 



kk 



1 - (z + 1) In 



z + 1 

z 

z+l 
z 



1 



Svr A/i, 



(4.67) 



with z = M^/M^. Eq. K67}i is identical to the standard result given in [90,92] H Upon 
summing over flavor j, this then becomes the usual expression mentioned in Chapters [H 
and [21 Hence, we have successfully demonstrated that these simplified Feynman rules can 
give rise to the correct result while avoiding most of the subtleties in other approaches, 
and we shall use them extensively in our calculations here on electromagnetic leptogenesis. 



^"See Appendix EH] for the calculation of the self-energy contributions. 
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4.3 Lepton number creation from EMDM interactions 

The stage has now been set for us to tackle the main theme of this work — to investigate 
the viabihty of electromagnetic leptogenesis. In doing so, we must first check that the out- 
of- equilibrium decay of the RH neutrinos can give rise to a nonzero CP asymmetry under 
the most general situations. In addition, because of the constraints from other sectors of 
the theory, it is also necessary to examine whether the parameter space has enough degrees 
of freedom to produce an asymmetry of the correct magnitude. 

Below, after revisiting the issue of CP violation in particle decays where a general 
proof of the need to go beyond the lowest order is presented, we calculate the decay rates 
and CP asymmetry induced in a toy model with EMDM interactions between the light 
and heavy neutrinos of the form shown in ()4.10|1 . The aim is to obtain explicit expressions 
for the relevant quantities so that a comparison with the standard scenario can be made. 
Later, we shall modify this toy model to ensure that the EMDM interaction is compatible 
with the SM gauge symmetry. We then repeat some of the calculations and discuss the 
implications of this extension. 



4.3.1 CP violation in decays: revisited 

As was mentioned in Sec. 11.3.41 CP violating rate differences between CP conjugate decays 
of a heavy particle can only appear once higher order terms are included. While it was 
demonstrated in our examples from the last section that this is indeed the case for standard 
leptogenesis processes, it is important to note that the result can be generalised to models 
with any type of interactions as long as we have CPT invariance. 

At first glance, this may not seem obvious in models where the same particles can 
interact via more than one distinct couplings. For instance, if one considers the dipole 
Lagrangian of (|4.1I) where there could be independent magnetic (/Xjfc) and electric {djk) 
transition moments linking Vj and (for a given j and /c), then one may suspect that 
the tree-level interference between the amplitudes from and djk would be sufficient to 
create a difference between the decay rates for Ni^ — > Vj 7 and its CP conjugate. But as we 
prove below HH, the two rates can never be different until one goes beyond the first order 
in the underlying Hamiltonian. 

Suppose we have a particle X with the decay process, AT — > ai + 02 + • • • (in the rest 



^^This proof is due to B. .J. Kayser. 
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frame of X). If CPT invariance holds, the amplitude for this decay obeys the constraint 

|(ai(pi,si) 02(^2,52) X{m))\'^ = |(oi(pi, -si) 02(^*2, -S2) • • • \T'^\ X{-rh))\'^ , 

(4.68) 

where pi and Sj are, respectively, the momentum and helicity of the daughter particle Oj. 
m is the z-axis projection of the spin of X, and T is the transition operator for the decay 
with T = i{S — I), where S is the corresponding S'-matrix operator. Since to first order, 
we have H = T for the system, where 7i denotes the Hamiltonian, it follows that T"^ = T. 
Using this with (|4.68|) . and after summing over the final helicities and integrating over the 
outgoing momenta, we obtain 

T[X ^ai + a2 + ---] =r[X ^ai + a2 + ---] . (4.69) 

This equality must hold to first order in 7i regardless of whether Ti. contains numerous 
terms and CP violating coupling constants. 

In the special case of a two-body decay, X — > ai + 02, we have pi = —p2 = p. For 
this case, let us rotate the system of particles on the right-hand side of Eq. (|4.68l) by 180° 
about the axis perpendicular to the z-axis and to p. Eq. (I4.68P then states that, to first 
order in H (so that T = T^), 

\{ai{p,si)a2i-p,S2)\T\Xim))\^ = \{aii-p,-si)MP,-S2)^^^ • (4.70) 

The processes whose amplitudes appear on the two sides of this constraint are the CP 
mirror images of each other. Thus, in two-body decays, to first order in 7i, the rates for 
CP mirror-image decay processes must be equal even before one sums over final helicities 
and integrates over outgoing momenta. 

As a result, we can conclude that the CP conjugate rates must be the same at tree-level 
and our proof is complete. 

4.3.2 An EMDM toy model 

In this section we explore, by means of a toy model, the possibility of generating a lepton 
asymmetry through the EMDM interactions described earlier. Since we are interested in 
leptogenesis energy scales above the electroweak phase transition, we shall identify the light 
neutrino in (I4.10p to be a massless LH state (the same ui as appears in the SM lepton 
doublet), while N is assumed to have a large Majorana mass as in type I seesaw. 
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The simplistic toy model that we are considering contains the minimally extended SM 
Lagrangian with three heavy RH neutrinos o augmented by dimension-5 EMDM operators 
of the form of (|4.10p . We assume that these EMDM couplings are generated by some new 
physics at an energy scale A > M, where M generically denotes the mass a heavy RH 
Majorana neutrino, and work with the effective theory that is valid below A, obtained after 
integrating out all new heavy degrees of freedom. The EMDM interaction Lagrangian of 
interest is (rewritten here for convenience): 

>C|m = -Ajfc I^L, Pr Nk F^p + h.c. , (4.71) 
= - \{^o)3k VLo Pr Nk F^f3 + h.c. , (4.72) 

where j = e, fi,T and k = 1,2, 3. Fa/^ = daAp — dpAa is, as before, the electromagnetic field 
strength tensor, with Aa being the photon field. We have defined Aq as a dimensionless 
3x3 matrix of complex coupling constants, and A is the cut-off scale of our effective theory, 
which has dimensions of energy. 

An important observation is that the SM gauge symmetry, SU{2)l x U{1)y is explicitly 
broken and the model is invariant only under the electromagnetic symmetry U{\)q. This 
does not seem to be an issue at first glance, for the SM symmetry will be broken down to 
U{1)q at low energies. However, one major difficulty is that the theory demands (I4.72p to 
be valid up to the scale of A (i.e above M), hence only U{1)q is unbroken, while the SM 
implies that electroweak symmetry must be restored at that scale since A, M » Agw — 
10^ GeV. Therefore as it stands, this toy model is incompatible with the framework of the 
SM. But we shall defer fixing this problem until the next section, because, to achieve the 
proof of principle that we seek, it is more transparent to work with such a toy model. 

To ascertain whether electromagnetic leptogenesis in this model is possible, the key 
quantity of interest is the CP asymmetry in the decay of A''^ (c.f. (|2.6ip on page [76]), 



^(5) _ r(jv,->v,7) -r(jv^^^^^) 

where T^j^;^^,^^^ = r(^^^j,^, ^) denotes the decay rate (summed over final state flavor j). 
So with this in mind, we begin by calculating the lowest order contribution to the decay 
rate, T(^j^^^^^y The tree-level diagram for this process is depicted in Fig. 14.31 Using the 
Feynman rules developed in Sees. 14.2.11 and 14.2.21 we can immediately write down the 



^^For simplicity, we shall ignore the effects of the neutrino Yukawa terms and consider standard lepto- 
genesis as being switched off. 
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P' 




Figure 4.3: The Feynman graph for the tree-level decay, A^^ t/j ^ via the dimension-5 EMDM coupling 
of Eq. I|4.72p . Here q = p — p' and (Vas)^^ = 2Ajfc Pr a"'' Qa is the vertex factor. 



amplitude for the lowest order process as 



(4.74) 



-A{X*,X,k)u,PR - [7",7l qaCuWkC^ ^ ^ 



(4.75) 



Averaging initial and summing final polarizations, we obtain 

- ukUk 

1 



\M\^ = {x*t,x,k)PR{iY-Y 



s' pol 



;(A*fcA,fc) IV [Pr (^7^ - Yil){-f + Mk){ir - rf)PLf' {-9pa) 



{X*kXjk) [I6(p • q){p' • (?) - 4(p • p'){q • q)] 



(4.76) 



where we have taken the masses of the light neutrino and photon to be zero. 



Working in the centre-of-mass frame where 



p = (Mfc , 0) , p' = (Mfc/2 , -q) , q= (Mfc/2 , q) , \q\ = Mfc/2 , and 



p.p' =p.q=p' .q = Mi/2, = {p ■ p) = , q^ = {p'f = 0, 



(4.77) 



Eq. (I4.76P becomes 



\M\' = A{X*,X,k)Ml 



(4.78) 
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Hence, the tree-level decay rate for A'^fc — > 7 is given by 

k1 



1 Mfc 1 
8^ 2 M| 



4(AtA)fcfcMfcS 



47r ^ 47r A2 ' 



(4.79) 



where we have summed over j. Since we must necessarily have T{Ni: — > 1/7) = r{Ni^ 
V7), the total decay rate is, Ftot = '^^{^k — * ^l)^ to first order. 





Figure 4.4: (a) Self-energy and (b) vertex diagrams which contribute to the CP asymmetry of Nk decay 
via the dimension-5 EMDM coupling of Eq. I|4.72p . Note that since weak isospin is not conserved in this 
model, both and F„ are allowed in the loop of (b), unlike in standard leptogenesis. For simplicity, we 
have not drawn the arrow for the Pn propagators as the two cases point in opposite directions. 



Next, we calculate the interference terms between the tree-level process of Fig. 14.31 and 
the one-loop diagrams with on-shell intermediate states depicted in Fig. 14.41 Note that 
unlike in standard leptogenesis, both f„ and Un are allowed to propagate in the internal loop 
of the vertex correction graph (Fig. 14.4b ). This is because weak isospin is not conserved by 
the interaction Lagrangian (|4.72|) . As a result, one potentially has four interference terms 
(in the fully flavored regime where final flavor j is not summed) contributing to the CP 
asymmetry at leading order 1^. We shall discuss each of these in turn. 

Firstly, let us consider the self-energy contributions. The two distinct graphs for these 
are shown in Fig. 14.5b and Fig. 14.5b respectively. Applying the Feynman rules developed 
for the EMDM couplings, we can write down the interference term of Fig. 14.5b and Fig. 14.31 
as 



r5D 

-'self-(a) 



J^:^ i'^^^*jk>^jmKmKk) [Uj]ic [Pr^""'Qc]ca [SNm{p)]AB [Pr'^^'' {-Q2/3) 



FB 



X [Si{-qi)]EF \c^^'^Q2sPl\ Kim [Da^.{q2)et],, \-ulC^ a^Pq^PLUje 



DE 



11 



'^For standard leptogenesis, there are only three interference terms (before summing over final flavor j). 
One from the vertex correction shown in Sec. 14.2.31 and two from the self-energy correction discussed in 
Appendix lC.il 
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(a) q,_ p' 




3i q 



Figure 4.5: Self-energy diagrams which contribute to the CP asymmetry of A^fc decay via the dim-5 EMDM 
coupling with (a) F„ and (b) i^n intermediate states respectively. LEFT: (Vas)^;, = 2\ab Pr cr"'' q'a and 
CK\5)a6 = ~'^^lbC' a"'' q'a Pl denotc the vertex factors. The corresponding diagram with momenta and 
spinor indices labeled for each case is displayed on the RIGHT. 



where the —^2/3 in [' ' ' ]fb comes from the fact that photon momentum, q2/3 is flowing into 

(5) 

the vertex. Letting A\ = ^jk^jm^nm^nk ^'^^ using matrix form, we then have 
(5) f d% ujPna'''^q^i-i)ip + M^)C{-aP'^q2f3fP]^{i){-^^f 



r5D — 1fi4 



8iA 



(5) 



X Plia'^q2sfC*uli-i)g^^e:e,{-l)ulC^a'^Pq,PLU, , 

d% PR^'^'qaj]^ + Mm)af'''q2f3PR<^^PLa^''q25C lEs UkUkf 
(27r)4 ^p2_Ml + ie){ql+ie){ql + ie) 

X a^'PqrjPLga^L ^ UjUj ^ elsp , 
s' pel 



d^qi ip' ■ q) [-256(g • q2){qi ■ ga) + 64(g • qi^^^ 



(2^)4 (^p2_Ml + ie){ql+ie){ql+ie) 

X Tr ' 
(5) ( 

The discontinuity of the integral 

,5D = f d% jp' • q) [-256(g • 92) (gi • ^2) + 64(g • gi ^-^ 

4-(a) ^ ^ MmlVh J (2^)4 (p2 _ + ^e){ql + + ze) 



(4.80) 



(4.81) 
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may be determined by the cutting rules as described before, hence 

d% i-2Trif 6iql)5 [{p - qif] e(i?i)e(Mfc - E,] 



Disc 



t5D 



iMkM„ 



P 



'2 - Ml 



Mi [-128(g • q2)iqi ■ 92) + 32(g • , (e ^ 0) 



Using qi = {Ei, qi), q2 = P — Qi and ()4.77p to simphfy, we eventually get 



Disc 



r5D 
's-(a) 



-i M^Mm 



47r2(M|-M2,)7 ^2\q, 
X e{Mk - El) [-64 (Mfc -Ei + \qi\ cos 6) {MkEi - Ef + \qi\^) 
+16 {El - \qi\ cose) {{Mk - Ei)^ - \qi\^)] , 



where 9 is the smaller angle between qi and q. Performing the integrals using all the 
standard tricks, we obtain 



Disc 



r5D 



-i M^Mm 



j \qi\''d\qi\da 6 [Mi - 2Mk\qi\] e(Mfc - \qi\ 



STT^iMi - Ml) 

X [-64(Mfc - \qi\ + \qi\cose) {Mk) + 16(1 - cosO) {Mi - 2Mk\qi\)] 
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(4.82) 



The imaginary part of this interference term and its corresponding phase space, V^p are 
given by 



Im 
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MlMra 



k1 



1 



(4.83) 



Note that unlike standard leptogenesis, there are no extra factors of 2 in the phase space for 
this diagram because only one intermediate (and final) state is possible. Putting everything 
together, the CP asymmetry due to this interference term is 
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(4.84) 



where z = M^/Mi 
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(b) 



l-D] 




Figure 4.6: Vertex corrections which contribute to the CP asymmetry of A^^ decay via the dim-5 EMDM 
coupling with (a) 77„ and (b) i^n intermediate states respectively. LEFT: (VA5)a6 = 2\ab Prcf"'' q'a and 



-2A*5 a"''' q'a Pl denote the vertex factors. The corresponding diagram with momenta and 



spinor indices labeled for each case is displayed on the RIGHT. 

Similarly, one can write down the amplitude due to Fig. 14.5b lj, 
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-'self-(b) 
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FD 
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(4.85) 



from which the following contribution to the CP asymmetry is deduced (see Appendix lC.2l 
for the full calculation): 
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^seif-(b)-fcj 27r(AtA) 
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(4.86) 



For the vertex interference, we study the graphs of Fig. 14.61 Comparing them with the 
processes depicted in Fig. 14.21 it can be seen that the analogue of Fig. 14.6b is noticeably 
absent in the standard scenario as we have alluded to earlier. However, the existence of 
such extra contribution is not expected to alter the overall CP asymmetry in a significant 
way. This is because in a generic study of lepton asymmetry from heavy particle decays [82] 
where the analogous diagram to Fig. 14.6b was included, the resulting loop function tends 
to zero when the squared-mass ratio, z ^ 1. Moreover, in the case of 2; ~ 1, the self- 



^■^Note that the direction of fermion-flow through A''^ is unambiguous in this case (c.f. Fig. IC.2I in 
Appendix IC.ip . 
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energy contribution will overwhelm any vertex corrections due to resonant enhancement. 
In any case, upon summing over j (the one-flavor approximation), such contribution will 
completely vanish. Therefore, one can expect the effect from Fig. 14.6b to be sub-dominant. 
Nevertheless, we calculate both terms here for completeness and to gain better insight, so 
that when it comes to the more realistic setup in Sec. 14.3.31 we shall know what to expect 
from those inevitably more complicated diagrams even without explicitly computing all of 
them. 

To this end, we begin by turning to Fig. 14.6b and write down the amplitude using our 
simplified Feynman rules: 
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In deriving the above, we have used (|4.77p . Although (|4.88|) is considerably more compli- 
cated than any of the expressions we have tackled up to this point, the method (and tricks) 
required to evaluate it are the same (see the vertex example in Sec. 14.2.3]) . Eventually, one 



obtains 
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(4.89) 



where z = M^/M^ as usual. 



^'See Appendix IC. 21 for the full workings of this. 
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Next, we repeat the procedure for the term corresponding to Fig. 14.6b . which gives 
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(4.90) 



(5) 

where B)^ = yCjf^\jmKim.^nk and e^^^" is the Levi-Civita tensor. An interesting observa- 
tion from the final expression in (I4.90p is that it is actually evaluate to zero, thus 
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vert-(b) 
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(4.91) 



This comes about because, in the numerator, terms involving e^-^P^^ are all contracted with 
four-momenta from the list, <?, 91, ^2, 93} where only three are independent of each 

other, whilst the remaining terms are automatically zero for they are proportional to = 
(the photon is massless). As a result, even before other considerations, there cannot be 
any contribution to the final CP asymmetry arising from the interference with the graph 
shown in Fig. WBo . So putting results (O^ . (OB]) and ([O^ together, the total CP 
asymmetry for the decay of Vj 7 in this EMDM toy model is 
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Im[A*,A„„ {(AtA)fc„, [fva{z) + fsa{z)] + (AtA)^^ fsb{z)}] , (4.92) 
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or 
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where z = M^^/M^ and 
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In the Hmit of hierarchical heavy RH neutrinos and considering the A''i-dominated scenario 
(i.e. = 1), we have z^ 1 and 
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(4.95) 



Therefore, 
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(4.96) 



This expression is almost identical to the corresponding result from standard leptogene- 
sis [82,90-92,98], and therefore we expect much of the subsequent discussion regarding the 
CP asymmetry to be similar. In particular, we see that the dimensionless Yukawa cou- 
pling matrix h which is central to the discussion on leptogenesis implications has simply 
been replaced by its EMDM counterpart, Aq which is again an arbitrary complex matrix 
(see Sec. 14. Also, the loop functions only differ by a multiplicative constant from be- 
fore. Thus, we can conclude that this type of EMDM interaction between light and heavy 
neutrinos can in general generate a lepton asymmetry in the early universe. 

But before discussing the magnitude of this asymmetry and the parameter space in 
which electromagnetic leptogenesis can be successful, we shall first look at a generalization 
of this EMDM scenario, one that will respect the SM gauge symmetries. 



4.3.3 A more realistic extension 

As mentioned before, while the simplistic toy model in Sec. 14.3.21 can demonstrate the 
viability of lepton generation through EMDM operators, it is nonetheless unrealistic as 
it is incompatible with the SM. We now overcome this by considering only EMDM type 
operators that respect the SM gauge group. Again, we construct an effective theory by 
taking the usual minimally extended SM Lagrangian with three generations of heavy Ma- 
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jorana neutrinos, and augmenting it with EMDM operators. The most economical of such 
operators involving only (the minimally extended) SM fields are of dimension six [58], and 
the interaction Lagrangian of interest is 



_ 1 



A;.fc ct> B^p + A;.fc n (t> ct"^ Wif,\ Pr + h.c. , (4.97) 

a/3 



(A'o),fc a"^ + (A'o),fe Ti cj"^ VF^^ Pr Nk + h.c. , (4.98) 



where the Tj are the SU{2)l generators, = {i^Ljj^Lj)'^ is the lepton doublet, and (/> = 
{(jp,(j)~y is the SM Higgs doublet. The field strength tensors of f7(l)y and SU{2)l are 
given by B^p = daBp-OpB^ and W^^ = daW'^-d^W^-g CimnW^WJ}, respectively, where 
g' and g are the corresponding coupling constants. As before, A denotes the high energy 
cut-off of our effective theory, while the newly defined dimensionless EMDM coupling 
matrices, Aq and Ag, are in general complex. Note that Aq and Ag play the exact same role 
as Ao in Lagrangian (|4.72p . 

The higher dimension (non-renormalizable) operators of Eq. (I4.97P are assumed to be 
generated at the energy scale A, beyond the electroweak scale. Although the presence of 
these operators would imply the existence of some new physics at high energies, we shall 
not speculate on the nature of it here. After spontaneous breaking of SU{2)l (g) C/(l)y, 
these operators will then give rise to the usual transition moments between N/^ and Vj. 
But, for the purposes of leptogenesis, we are of course interested in the regime above the 
electroweak symmetry breaking scale. 

To proceed with the analysis, it is imperative to note that the decay of Nf^ will now 
produce 3-body final states such as N/^ — > ijcpBa and Nf^ — > ij cpW^. As a result, 
the phase space calculation for all diagrams will be more involved than the toy model in 
Sec. 14.3.21 Moreover, there are potentially several more inequivalent higher-order graphs 
that can interfere with each of the tree-level process. Fortunately, we can expect that the 
results will be qualitatively similar to the previous model for two reasons. Firstly, having 
an extra scalar particle in the Lagrangian does not change the form of the vertex factors, 
which are now given by: 

Nk ^ijcpCf : N = 2 Pr a'^Pq^ (4.99) 

gX^ CP 

Nk ^ ij <PCP : N = -2 Ct a'^Pq^ Pl (4.100) 

g VL CP 



^^For simplicity, we shall ignore the 4-body final states such as Nk £j 4>W^ W^. 
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where the generic coupling matrix ( represents A' when the vector boson Cp = Bp, while 
it denotes A' for Cp = Wp. As we can see, these are basically the rules given in (I4.22|) and 
(|4.23p with the replacement A ^ A' or A'. 

Secondly, a scalar propagator (see (|4.26p ) does not contain any spinor structure nor 
can it affect the contractions between different momenta. Hence, once it is put on-shell, its 
inclusion in the diagrams cannot modify the form of the final amplitude of the interference 
terms. In the light of these observations, there is no need to (re-)compute all the possible 
Feynman graphs for this model. It would suffice to invoke the results of Sec. 14.3.21 in 
conjunction with a representative calculation for the new diagrams. The latter is done to 
demonstrate that the above claim (of a similar structure for the final equations) is indeed 
correct, as well as to elucidate the suppression factor expected from the additional 1/A 
(compare (|4.98l) with (I4.72p ). and the 3-body decay phase space. 

With this aim in mind, we have drawn an example for each of the tree-level, self- 
energy and vertex processes for this model in Fig. 14.7b . b and c respectively. Note that 
other graphs with the same structure as those shown in Fig. 14.71 exist since the mixing 
between bosons B^ and (for all i) will lead to different combinations of internal and 
final states. However, these extra diagrams are only expected to modify the overall self- 
energy and vertex contributions by an unimportant multiplicative constant, similar to the 
effect caused by having either or running in the loops. Also, accidental cancellations 
amongst these are highly improbable based on what we have learned from the toy model 
in the previous section. Hence, for simplicity, we shall only concentrate on the first term 
from (I4.97P in the following discussion. 

Firstly, by comparing the vertex factors arising from this model with those studied 
previously, it is clear that the tree-level process of Fig. 14.7b has an amplitude given by 

|7Wp = 16(A'*,A;.,)(p.g)(p'.g), (4.101) 




Figure 4.7: (a) The tree-level diagram for the 3-body decay: Nk £j 4>Ba induced by the first term in 
Eq. I|4.97p . and examples of the corresponding (b) self-energy and (c) vertex diagrams. 
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where and q are the four-momenta for Ni^,£j and Ba respectively, and we have used 
(I4.76|l with = 0. In the centre-of-mass frame, we have the following definitions 

p = (M, , 0) , p'= {E' ,p'), p" = {E" ,p"), q={E,,q), (4.102) 

where \p'\ = £", \p"\ = E" , and \q] = Eg as m^^^^B 0- Here, p" is the four-momentum 
of (j). The directions of the momenta are defined such that p = p' + p" + qis satisfied. With 
(I4.102|) and the 3-body phase space of (|4.35p . the differential decay rate for — > icpBa 
(i.e. summed over j) is 

dTf' = 2xl6{X'h')kkip-q)ip'-q) 

^ ' -{2.)H^^){p-p'-p"-q)^ (4.103) 



2Mfc (27r)32^' {2TTf2E" {2T^f2Eq 

where the factor of 2 in front is to account for the two channels, vicj)^ B and 

4>'^ B. Then, simplifying using the result 2{p' • q) = {p — p")'^, we get 

,peD ^ 8(0^ _ 5('Hp-p'-p" - q) . (4.104) 

To obtain the full rate, F^^, one has to perform the integrals over all possible values of 
d?p' ^ d^p" and d^q. The procedure is akin to the computation of the muon decay rate for 
massless final states (pL~ e~ t'^), where several standard tricks are needed. We shall 
leave the complete workings to Appendix IC. 31 and only present the final result here, which 
is: 

-(^)'rW. (4.107) 

where Fgj^ ^ denotes the decay rate from the toy model in Sec. 14.3.21 but with coupling 
matrix Aq replaced by Aq (see Eq. (I4.79P ). Therefore, as expected, expression (|4.1Q7p 
indicates there is a suppression factor (due to the reasons alluded earlier) of (Mfc/SvrA)^. 

In order to demonstrate a similar modification for the CP asymmetry, we compute 
the self-energy contribution coming from the interference between Fig. 14.7b and the In 
intermediate case of Fig. 14.7b as an illustrative example. To this end, we re-draw the self- 
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Figure 4.8: LEFT: self-energy diagram of Fig. 14. 7b with £„ intermediate state, where (G)JJ^ — 2\'^i,Paa'^^q'p 
and (G*)^j, = —2\'*ai,C^ '^'^''qpFL are the vertex factors. RIGHT: the corresponding diagram with momen- 
tum labels included. 

energy diagram with momentum labels and vertex factors inserted in Fig. I4.8[ By using 
the result of (I4.80p with the new momentum labels, while adding the scalar propagator, 
*/('?3 + ^c)) ^iid a new loop integral in q2 to the expression, we can immediately deduce the 
amplitude for this interference term to be: 

where ^^^^ = X'nk^' nm^' jm^'*jk- After putting in, the internal scalar and vector boson 
propagators on-shell to pick out the imaginary part, we follow a similar procedure as 
before to integrate over the 3-body phase space, noting again that there are two possible 
final, as well as internal states {u^ <t)^ B and ei 4>^ B). Eventually, it can be shown thatlH 

^sdf-fc,j = (^8^^^ ^5D-self-fc,i ' (4.109) 

where esp.seif-fc j denotes the expression of the self-energy CP asymmetry of (I4.84p with 
coupling matrix A replaced by A'A everywhere, and A is the cut-off scale defined in La- 
grangian (|4.98p . Assuming that (|4.109|) is representative of the various contributions to 
e^'^, it follows that the CP asymmetry for this realistic EMDM leptogenesis model has the 
same dependence on z (= M^^/M^) as the toy model in Sec. 14.3.21 Hence, in the limit of 
a hierarchical heavy RH neutrino mass spectrum, the expression for the overall CP asym- 
metry (summed over j) for A'^i decay via the dim-6 EMDM operators is approximately 



^'^See Appendix IC. 31 for the details. 

^*In writing this down, we have ignored the A'-terms in l|4.98p . Alternatively, one can get a similar 
structure by taking A' ~ A'. 
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Since Aq is in general arbitrary, it will contain complex phases that render nonzero. 
Consequently, the generation of a primordial lepton asymmetry via the transition electro- 
magnetic dipole interactions between light and heavy neutrinos described here is a real 
possibility. 



4.4 A new scenario for leptogenesis 

Given the results of the previous section, it is important to explore some of the implica- 
tions of demanding this electromagnetic leptogenesis scenario produce an asymmetry of 
the correct magnitude. Amongst many potential issues to address, the most relevant is, 
as always, the connection of leptogenesis parameters to neutrino properties. Indeed, as we 
have seen from our discussions of the standard Yukawa-mediated leptogenesis in previous 
chapters, neutrino masses and mixings play a critical role in determining the overall via- 
bility and predictions of the model. Therefore, it is imperative to gain some qualitative 
understanding on this front. 

In the following, we first investigate the link between the EMDM operators in Sec. 14.3.31 
and neutrino masses. Then, we put everything together to see whether a workable param- 
eter space exists for this new leptogenesis scenario. 

4.4.1 Implications for neutrino mass 

As discussed in Sec. 11.2.61 massive neutrinos inevitably lead to nonzero neutrino dipole 
moments. Hence, a sensible question to ask is whether the existence of the EMDM op- 
erators of (|4.97|) can generate neutrino mass terms. Although it is well-known that via a 
careful choice for the new physics, one can eliminate the direct correspondence between 
large neutrino dipole moments and masses [55,56], radiative corrections to the neutrino 
mass, induced by the dipole operators, generically link mass and dipole moments irrespec- 
tive of the form of the new physics [58,59, 178]. As a result, the new physics behind the 
origin of the effective EMDM operators in Lagrangian (|4.97|) is expected to give rise to 
neutrino mass terms at loop level. 

By examining the interactions in our model it is not difficult to construct loop 
diagrams containing EMDM vertices that will contribute to the neutrino mass terms. 
Specifically, we note that a neutrino Dirac mass term would be induced by the one-loop 



^^This includes all processes in the SM except maybe neutrino Yukawa terms which are not absolutely 
necessary in electromagnetic leptogenesis. 
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Figure 4.9: Contribution to (a) the neutrino Dirac mass and (b) the neutrino Majorana mass induced 
by the dim-6 transition EMDM operator. Here go and (0) denote the gauge coupling constant and Higgs 
VEV respectively. 



graph depicted in Fig. 14.9b . Moreover, there is a direct contribution to the hght neutrino 
Majorana mass via the diagram in Fig. 14.9b (c.f. Fig. 11.11 on page [T3]l . 

Unfortunately, the exact size of these contributions cannot be calculated in a model- 
independent way because one would require the precise relationship between the dipole 
moments and mass terms, which can only be resolved if the nature of the new physics at 
scale A is specified. However, an estimate of these quantities can be obtained by applying 
simple dimensional analysis. To this end, we begin by writing down the approximate form 
of the amplitude for the Dirac mass diagram in Fig. 14.9b . ignoring the external lines (i.e. 
setting their momentum to zero) and factors of ibi: 

~ / j—TT {goin Tjrr- , ^ 



(27r)'^ k"^ +ie k"^ -m? + ie\ A? 



(27r)4A2 J k^ k^-m^^ 



where k is the loop momentum and m is the mass of i^l- In the limit of m — > and after 
dropping the projection operator, Pr from the expression, we then have 

K90 W ,4, 1 



(4.112) 



(27r)4A2 7 ^ ^ /fc2 



t2A2 



167r2 



This Dirac mass term together with the heavy neutrino Majorana mass (M) can give rise 
to a light neutrino Majorana mass via the type I seesaw mechanism (see Sec. I1.2.3P with 
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the form 

2 



« = mu M^' ml ^ ( X', M'^ (X'.f . (4.113) 



Similarly, we can deduce the direct contribution to the light neutrino Majorana mass term 
coming from the loop diagram in Fig. 14.9b via the following estimate of its amplitude: 



(4.114) 

where we have omitted all the charge conjugation operators, C in the definition of the 
Majorana propagator and from transposing for convenience. Note that this omission is 
inconsequential to our final outcome as the operator C can always be absorbed into the 
external fields via relations such as u = ClF and v = Clf" for any generic spinors. Sim- 
plifying (|4.114|) using standard contraction identities for gamma matrices, we get 



(27r)4A4 J ^ ' k'^-M^ 



167r2A2 



A'oA'/(A'o)^. (4.115) 



Generically, one can expect that both (|4.113|) and (|4.115|1 will add to the effective light neu- 
trino Majorana mass although the contribution arising from (I4.115|) is typically dominant 
(unless A » M) due to the extra l/ievr^ suppression factor in the definition of (|4.113|) . 
But in any case, this connection between the EMDM couplings, Aq, and neutrino masses 
presents an important constraint that can control the size of the CP asymmetry arising 
from electromagnetic leptogenesis, as we shall discuss in the following. 



4.4.2 Discussion on the parameter space 

As a result of the link between the EMDM couplings and light neutrino masses, we may de- 
rive a lower limit on the size of Mi, just like (|1.13ip on page|42]for standard A^i -leptogenesis. 
This is because there exists a relationship between |e™|max and Mi, which is analogous 
to that of (|1.104p on page [37l with the role of the Yukawa coupling matrix, h being re- 
placed by Ag. Using Eqs. (I4.110|) and (I4.115j) with the assumptions |(AQ)jfc| < |(Aq)33| and 



148 



Chapter 4. Electromagnetic leptogenesis 



Standard 


Electromagnetic 


loir 


rr = ^(A?A'o)ii^if^)' 

47r yovrA^y 


1 ^ Im(/it/i)2j Ml 
1 11 ^ ^hih)n Mm 

rn=f=l 




~ {(t)fhM'^h^ 





Table 4.1: Comparison of key quantities in standard and electromagnetic leptogenesis, where h and Aq 
denote the Yukawa and dimensionless EMDM coupling constants. We have assumed there is at least a 
mild hierarchy in the masses of the heavy neutrinos, such that the asymmetry is predominantly generated 
from the decay of the lightest state, A^'i. 

Ml <^ M2,3, we can retrace the steps leading to (|1.104|) and obtain 

|erU.~10-«/3l(^^) , (4.116) 

where we have taken M = M3 ~ A in (|4.115p . and defined the quantity, P\ = Mi /A 
which indicates the level of hierarchy among the RH neutrinos. Prom (|4.116p . a couple of 
general observations for electromagnetic leptogenesis can be made. Firstly, it is clear that 
to obtain a reasonable size for the CP asymmetry (e.g. O (lO~^)), the scale for Mi must 
be at least O (lO^'^) GeV, a result which is similar to that from standard A'"i-leptogenesisc^. 
Secondly, the presence of the suppression factor, f3\ implies that a strong RH neutrino mass 
hierarchy is in general undesirable as Mi <^ M3 ~ A automatically means (3\ <C 1. Hence, 
in order to acquire a sufficiently large raw CP asymmetry together with experimentally 
acceptable light neutrino masses, some very mild fine-tunning between the scales of Mj 
and A, as well as the absolute size of the coupling Aq is required. Qualitatively speaking 
though, the conditions governing electromagnetic leptogenesis (modulo the suppression 
factor) are largely identical to the standard Yukawa-mediated case. To summarize the 
situation, we compare the various key quantities resulting from the EMDM model with 
the corresponding ones for the standard scenario in Table 14.11 

In a model where both the Yukawa and EMDM interactions are present in the La- 
grangian, we have, in general, contributions to the decay rate, CP asymmetry and neutrino 



^°It should be noted that although the scenario of TeV scale leptogenesis discussed in Ref. [179] involves 
3-body decay processes, these are inherently different from the interactions we have investigated in the 
EMDM model. In the case of Ref. [179], the 3-body decays studied are one-loop processes whereas ours 
involves two-loop graphs. 
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mass coming from both the standard and electromagnetic sectors. As a result, either one 
mechanism will dominate, or there will be an interplay between the two, depending on the 
relative size of h and Aq (and perhaps other factors). For our investigation here, we are 
particularly interested in examining if electromagnetic leptogenesis alone (i.e. when the 
Yukawa couplings are negligible) can give rise to the required asymmetry without contra- 
dicting any known experimental constraints. To this end, we select some representative 
input parameters for the EMDM model and study their implications. 

Given that electromagnetic leptogenesis does not seem to favor a very strong hierarchy 
in the RH neutrino mass spectrum, as well as between M and A, we shall adopt the values 

A ~ 10M2,3 ~ 20Mi , (4.117) 

as an illustrative example. In addition, we shall (for simplicity) make the crude assump- 
tion that all elements of the matrix Aq are of similar magnitude, and ignoring any flavor 
structures it (as well as rrii, and M) may possess. With these, it is straight forward to 
check using the expression for Table 14.11 that a value of 

Aq ~ 35 , (4.118) 

for the EMDM coupling is sufficient to the produce an asymmetry of 10 ^. To un- 

derstand the general behavior of washout, we can follow the standard leptogenesis analysis 
and define the decay parameter (see (|2.49p on page ITT]) : 

pEM 

^' = g(r'=M.) ' 

where H is the Hubble parameter as defined in (|2.47p on page [70l Recall that Ki controls 
whether the A^i decays are in equilibrium, and is also a measure of washout effects via 
inverse decay. For definiteness, if we set 

Ml ~ 5 X 10^^ GeV , (4.120) 

then the parameters in (|4.117p and (14.1181) imply that Ki ~ 0.3. As we know from Chap- 
ter [21 i^i ^ 1 [Ki S> 1) corresponds to the weak (strong) washout regime, hence this 
parameter choice for the EMDM model should lead to a moderate washout of the asym- 
metrycll. So, qualitatively speaking, we expect that successful electromagnetic leptogenesis 



A detailed study of washout effects is beyond the scope of this work. 
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is achievable with these parameter choices. 

The imphcations for the hght neutrino mass can be readily obtained using the two 
terms for m™ in Table 14.11 and one finds 

?nW ~ 4 X 10"2 eV , m^^^ ~ 1 x 10"^ eV , (4.121) 

where we have set go = g' . In evaluating the numerical values for g\ we have used 



Mw = 9{<P)/V2 ~ 80 GeV and Mz = + g''^)/2 ~ 91 GeV with (0) = 174 GeV. 

It is worth pointing out that, as expected, the direct contribution to the Majorana mass 
term, m^u^ (Fig. 14.9b ) dominates over m^'^ (Fig. 14.9b ). 

Finally, we note that the presence of the EMDM operators in the model will not 
only give rise to transition moments between a light and a heavy neutrino, they will also 
induce effective dipole moment interactions between two light neutrino states via two-loop 
diagrams such as the one depicted in Fig. 14.101 Therefore, it is imperative to check that 
this contribution to the light neutrino dipole moments is not in conflict with the current 
experimental upper limits, when we take the particular input values assumed above. 

Applying dimensional analysis and assuming the worst case scenario where all quantities 
in the numerator with unit of mass are replaced by the cut-off scale A, we estimate the 
amplitude of Fig. 14.101 as 

eff go -^0 -^0 A 3 

^ (167r2)2 A2 A2 ' 

Substituting in the value for A assumed previously, and expressing in units of the Bohr 
magneton, = e/2me ~ 3 x 10~^ eV~^, we have fi'^ ~ 5 x 10^^^ fiB- So, it is well within 
the current experimental limits which are of O [lO~^^ fis) [11,60,61]. 

It is worth mentioning that when the Yukawa couplings are switched on, there will 
be additional contributions to these effective light neutrino dipole moments originating 




go V N 




Figure 4.10: An example of a two-loop digram that contributes to the effective light neutrino dipole 
moments. 
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from light and heavy neutrino mixings. However, such contributions are hugely suppressed 
by a factor of (0)^A~^Af~^ (instead of as in (|4.122|) ). and so their effects will be 
sub-dominant. 

In summary, we have demonstrated that there is a region of parameter space where 
electromagnetic leptogenesis is viable, thus providing a new alternative that can stand 
alone or complement the standard scenario. 

4.5 Summary and outlook 

The inclusion of the heavy RH neutrinos to the SM has not only provided an elegant way 
to generate small neutrino masses via the type I seesaw mechanism, it has also opened up 
many new possibilities for model builders. In this chapter, we have seized upon this and 
investigated the natural extension of introducing electromagnetic dipole moment interac- 
tions between the heavy RH neutrinos and their light counterparts. One immediate result 
is that lepton violating decays of the heavy neutrinos are no longer solely mediated by 
the Yukawa term, but also by the newly included EMDM operators. Consequently, it is 
of great interest to ascertain whether such radiative decay is capable of creating a cosmic 
baryon asymmetry in a similar way to that of standard leptogenesis. 

By carefully studying the properties of the EMDM couplings and explicitly calculating 
the decay amplitudes for the tree-level and interference terms, we have shown that, in 
general, the CP asymmetry induced by the EMDM operators is nonzero. As a result, 
we have proved that, in principle at least, electromagnetic leptogenesis can be a viable 
mechanism for generating a lepton asymmetry in the early universe. 

Furthermore, in order to embed this model into the SM, a realistic generalisation to 
the basic dimension-5 EMDM operator has also been investigated. The end result is that 
this new scenario of leptogenesis is very much akin to the standard case, except that the 
role of the Yukawa couplings is now played by their EMDM counterparts, and there is an 
additional suppression factor (~ M^/A^) since the EMDM operator is of higher dimension. 
Because of the presence of this suppression, the region of applicability for leptogenesis is 
slightly different in the EMDM scenario, and it disfavors a strong hierarchy in the RH 
neutrino mass spectrum. Moreover, washout effects in this model will differ from the 
standard case since the principle L violating processes all have a 3-body initial or final 
state and involve a vector boson, hence the set of interactions participating in washout will 
be drastically different. 



152 



Chapter 4. Electromagnetic leptogenesis 



Other constraints on the model come from the hght neutrino mass and effective dipole 
moment terms induced by loop diagrams involving the EMDM operators. These contribu- 
tions directly restrict the magnitude of the EMDM coupling allowed, although the latter 
effects are normally not as significant due to the heaviness of A. In fact, we have discovered 
that the constraints from the neutrino mass terms demand that the scale of M, hence A, 
must be at least of O (lO^°) GeV to produce a at the correct scale while maintaining a 
reasonably sized Thus, the conditions imposed by the effective light neutrino dipole 

contribution are usually unimportant for most viable input parameters. 

In addition, this result implies a typical leptogenesis temperature of T ~ lO^'' GeV, 
which is comparable to the usual case. Consequently, it opens up an intriguing (but yet to 
be explored) possibility of Yukawa-EMDM interplay in the generation of lepton number. 
Indeed, there is a plethora of new ideas and issues one may further study on this topic. For 
instance, in the specific analysis, the flavor structure of the EMDM couplings, Aq has not 
been included. Therefore, an investigation of Aq similar to that for the Yukawas, h (or the 
seesaw orthogonal matrix, discussed in Sec. II. 4. 3) and in Chapter [2]) would be worthwhile. 
Also, owing to the fact that a strongly hierarchical RH neutrino spectrum is undesirable 
for electromagnetic leptogenesis, it would be quite natural to study the scenario where the 
RH neutrinos are quasi-degenerate, where resonant effects (see Sec. I1.4.4p in the radiative 
decays may become important. Finally, there is a possibility that the newly included 
EMDM operators can give rise to non-trivial interactions between all neutrino species and 
the primordial magnetic field in the thermal plasma, hence affecting the evolution of lepton 
number. 

But even without venturing into these complications, our work here has demonstrated 
that a new scenario beyond the standard leptogenesis framework (due to transition neutrino 
dipole moments) is viable, and it provides yet another example of the important link 
between neutrino properties and cosmology. 



Chapter 



5 



Conclusion 



n e of the most fundamental concepts in the study of physics is the idea of symmetry. 
Yet, Nature as we know it does not always seem to be perfectly symmetrical. Indeed, 



the principal theme for this current work is motivated by none other than the 
apparent asymmetry between matter and antimatter in the universe. Therefore, along 
with the appeal of symmetry, a major topic of interest is the mechanism of symmetry 
breaking or asymmetry creation. 

For the cosmic baryon asymmetry, this presents a unique challenge as the study of 
baryogenesis inevitably brings together the two giants of particle physics and Big Bang 
cosmology. To date though the solution to this puzzle is still highly speculative, and in 
the absence of more experimental inputs, it may remain unresolved for some time to come. 
Owing to this, the choice of the model employed is often based entirely on its theoretical 
appeal, as well as the prejudices of the investigator. It is fair to say that our approach 
of taking leptogenesis as the correct answer to the baryogenesis problem throughout this 
work is no exception, and it is strongly influenced by our interest in neutrino physics. 

Without a doubt, it is quite fascinating that two seemingly unrelated problems — the 
tiny masses of light neutrino and the matter-antimatter asymmetry — may be explained in 
a consistent manner by the mere introduction of heavy RH neutrinos to the SM. As we have 
seen in our earlier discussions, the former may be explained by the type I seesaw mechanism 
while thermal leptogenesis provides an attractive solution to the later. This naturally 
means that an intricate link between neutrino properties and the baryon asymmetry can be 
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established. Consequently, it has been the purpose of this work to explore the implications 
of several different neutrino models in the leptogenesis context. 

Taking the type I seesaw framework (with three heavy RH neutrinos) as the starting 
point, we investigated three distinct possibilities in extending the typical setup for the neu- 
trino sector, and studied their connection to the generation of lepton asymmetry. In the 
first part of our work, we performed a comprehensive analysis on the leptogenesis implica- 
tions of the neutrino models proposed in Ref. [129]. These models have the advantage of 
requiring less free parameters to define the theory than the default seesaw setup, a unique 
feature which is made possible by the imposition of an abelian family symmetry and the 
inclusion of a new Higgs singlet. As a corollary, ^13 = in the C/pMNS matrix, as well 
as a fully hierarchical light neutrino spectrum are predicted. Since it is the leptogenesis 
credentials of these models that interest us, we have carefully identified all the key ingre- 
dients which can modify the overall scenario for lepton production, and compared how 
each element may differ in its predictions from those in the standard seesaw. The general 
conclusion we obtained is that having an extra abelian symmetry and singlet Higgs do not 
hinder the possibility of successful leptogenesis in these setups. In fact, their predictions 
are largely identical to the default case for both unflavored and flavored A^i-leptogenesis. 
Consequently, this shows another important feature of these economical seesaw models. 

In the second part of our work, we noted that conventional type I seesaw inevitably 
gives rise to a largely unconstrained heavy RH seesaw sector, hence making it difficult to 
experimentally test this mass generation mechanism. Moreover, given the close relation- 
ship between neutrino models and leptogenesis, one would like to ascertain more informa- 
tion from the seesaw sector. Therefore, it is well-motivated to explore the possibility of 
constraining the heavy seesaw sector so that it is completely determined by low-energy 
observables. The strategy we employed in tackling this involves combining the powers of 
an expanded gauge group and an inter-generational flavor symmetry such that the former 
can enforce the desired mass relations while the latter leads to predictable diagonalization 
matrices. Subsequently, the simplest models of this type lead to a RH neutrino mass ma- 
trix that can be written in terms of only low-energy fermion masses, mixing angles and 
CP phases: 

Mr ^ fhf C/pMNS ^PMNS % ' ^^^xe f = e,d,u . 

In the representative models that we have constructed to achieve the above relation, it 
has been found that successful leptogenesis is only possible in a very fine-tuned region 
of the parameter space. Specifically, one must select the f = u case, as well as certain 
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combinations of Dirac and Majorana phases in C/pMNS such that a lepton asymmetry can 
be generated via either resonant or flavored A'^2-leptogenesis. Furthermore, it has been 
shown that although the / = e case can yield a TeV scale RH neutrino, the probability of 
detecting it at the LHC or a next-generation collider such as the ILC is far too small. 

But it is enlightening to note that this part of our work has demonstrated the ability of 
symmetries to bridge the missing link between the heavy seesaw sector and experimentally 
accessible parameters. In addition, it is highly probable that, with a different choice of the 
underlying symmetry and Higgs structure as shown here, interesting phenomenology can 
result and potentially provide new hints on building realistic neutrino seesaw models that 
are experimentally verifiable. 

Finally, in the last part of our work, we investigated the effects of introducing an 
effective transition electromagnetic dipole moment operator between the LH light and RH 
heavy neutrinos. Since nonzero neutrino dipole moments are a direct consequence of having 
massive neutrinos, the inclusion of RH neutrinos to the SM via type I seesaw immediately 
opens up the possibility of active-sterile neutrino transition moments. Such interactions are 
potentially important in cosmology because the radiative decay of the heavy RH neutrino 
(N — > i^7) violates lepton number, and in general, CP . As a result, a new scenario for 
leptogenesis whereby the lepton asymmetry is solely generated by the EMDM-type (instead 
of the usual Yukawa-mediated) interactions is possible. By exploring the key ingredients 
leading to CP violation, we have shown by explicit computations of the relevant diagrams 
in a toy model that, in principle, electromagnetic leptogenesis is a viable alternative for 
creating a lepton asymmetry. 

Eventually, to build a realistic theory that can be embedded into the SM, the simplistic 
setup was generalized such that it became compatible with the SM gauge group. Although 
in this case all relevant processes involved consisted of 3-body initial or final states, it has 
been found that a nonzero CP asymmetry can still be generated, and that the effect of 
the suppression factor due to 3-body phase space can be reduced by the appropriate choice 
of the RH neutrino mass hierarchy. In fact, this scenario disfavors the usual strongly 
hierarchical RH mass spectrum normally assumed for standard leptogenesis. However, 
we have demonstrated that for a mild hierarchy, where A''i-leptogenesis is still a good 
approximation, there exists a workable parameter space where electromagnetic leptogenesis 
alone can produce the necessary lepton asymmetry to solve the baryogenesis problem. In 
addition, foregoing the hierarchical requirement completely and having quasi-degenerate 
RH neutrinos is perfectly acceptable, and perhaps even more desirable in some situations 
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as resonant effects can open up a larger region for successful electromagnetic leptogenesis. 
So, there is no doubt that transition EMDM interactions between light and heavy neutrinos 
can have far-reaching consequences in the early universe. 

In conclusion, this work has further highlighted the already well-known fact of the 
inseparability between neutrino physics and cosmology. Even though we have only explored 
a tiny region of these two vast topics, it is nonetheless enlightening to witness the richness 
of ideas allowed and motivated by them through our meticulous investigations. It is true 
however that many important questions remain to be answered, and therefore we await 
the new data which will come with future technological advances to inform us of the model 
that really represents how Nature works. 
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Appendix 

A 

Supplement materials for chapter 1 



A. 1 Boltzmann equation for A/i 

In this section, we include all the steps leading to the derivation of Eq. (|1.122|) on page HOI 
Starting with the Boltzmann equation of (|1.118p and writing down all the relevant inter- 
actions on the RHS, we obtain 



dt n^^ n^^ 

+ ^7(^<^ ^ Ni) - ^gl^7(£iVi ^ tRqL)s + litRQl ^ m)s 

- "^jiN.tR ^ qLi)t - ^j{N,tR ^ qLi)t + ^l{ltR ^ N^qL)t 
+ ^liki ^ NitR)t , (A.l) 

where the subscripts s and t denote s- and t-channel processes respectively. In writing 
down (lA.lj) . we have assumed that = n^^'^ and Jt-^,*^,^^ = '^'^^tRqL' Using (|1.119p and 
(11.1201) . and the assumption that ^{aX — > y) = ^{Y aX) for all processes, (jA.ip 
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becomes 



driNi 
dt 



n 



rin 



^lipiS eq eq T<^,; 



4nAf, 2{ni + n^-) 

eq Tc/i,* + eq Tfli,* 



n 



Tin 



(A.2) 



where 



and 

70,t = l{NiqL itR)t = 7{NiqL ^ tR^)t = li^tR ^ NiqL)t = l{^qL ^ iVi , 

= 7(A'iifl ^ qLi)t = liNitR ^ , = -i{IiR ^ iVi^L)f = ^{IqL ^ iVitfi)* . (A.4) 



Simplifying (|A.2j) . we get 



+ 3i/nAr^ = eq-7Z) + eq— 7D H eq— ei7D + 27,^,5 



dt 



n 



Up 



Ni 

ni + nA riNi 4:nNj , ^ f ni + ng 

eq ; „eq 

-7</',s eq-70,i + ^ eq— ] 7</.,t 



— eq-7Z) + 27D + 270,, eq-lcP,s eq-l<t>,t + 470,* + O [Si, — ) , 



n 



eq 



n 



Ni 



n 



eq 



(7D + 7</-,. + 270,t) + O(ei,^) ' 



T. 
(A.6) 

(A.7) 



which is the result of (|1.122|) . In (|A.6p . we have used definition (|1.1Q9|) to write 



n 



eq 



V27r2 



fP{E)E'dE 



9e 
27r2 



[hiE) + fyiE)] E^dE] , mi<.T 



e-^/^i?2 dE 



-1 



'^-{E-i,e)/T J^^-{E+^,l)/T 



E^ dE 



e-^l^ E^dE] 2 cosh ) / e"^/^ ij;^ , 



2 + 



(A.8) 



where we have used Maxwell-Boltzmann distribution for the phase space densities and 
imposed the condition for kinetic equilibrium = — /x^. 



A.2 Boltzmann equation for B-L 



173 



A.2 Boltzmann equation for B-L 



To obtain the result of (|1.125|) on pageHU we begin by writing down the evolution equation 
for particle density nf 



dt 



dni 
~dt 



+ 3Hn-. 



n 



Tin 



n„ 



n 



n 



i)s - ^^ff^lim ^ tRqL)s + "^limtR ^ qLi)t 
%-({lqL ^ NitR)t + "^liNiqL ^ - %l{ItR ^ NrqL)t , 



n 



n 



(A.9) 



-(1 - ei)-iD eq (1 + ei)7D + -eq (77V,s + ^Hd) ea{lN,s - eiTi?) 



n 



eq 



n 



n 



n 



+ -eq7Af,t eq7Af,i + l<t>,- 



eq eq7(/),s + eq 7</!>,t eq7</>,t + eq l4',t 



n 



n 



n 



eq 



70,f 



n^r^ ng — n^ei ni — ng ni — ng 

-eq-(l - ei)7D eq ID eq— 7Af,s eq— 7Af,t + 7</',. 



n 



Ni 



eq eql<f>,s + eq 



2nd 



Similarly, we can write down the equation for ng as 



eq 



70,* 



(A.IO) 



(A.ll) 



dng 
~dt 



+ 3Hng 



nNi , X n'g + niei ng - 

-eq-(l + eiJTD eq ID eq— 7Af,J 



n 



n 



ng — ni 

eq— 7Af,i + l(l>,s 



eq „eq7(/),s + eq 



2ng 



n 



Subtracting (IA.12P from (jA.llj) . we have 



n 



eq 



(A.12) 



dUB- 



dt 



2nB~L 



+ 



ng + ng 

eq 

nN^nB-L 
eq eq 



ei7D 



riB-L 



eq 
2nB-L 



n 



eq 



-ID 



2nB-L 



n 



eq 



-7iv,/ 



(A.13) 



where we have defined n^ — ng = nB-L- Using (|A.8p to simplify, we then get 



dnB- 



dt 



+ 3HnB-L = -2ei 



eq 



7D 



riB-L 



n 



eq 



7D - '^7N,s - '^lN,t 



-eq-7</>,s - ^1<t>,t 



n 
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eq 



ID eq-7Vy + C (£1,7^7 

Tti) \ 1 



(A.14) 



which is the result of (I1.125p . 
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B. 1 Properties of the A4 group 

A4 is the alternating group of order 4. It is isomorphic to the group representing the 
proper rotational symmetries of a regular tetrahedron. It has 12 elements and 4 conjugacy 
classes. One set contains the identity: {/}, two sets contain four 3-fold rotations each: 
{Ri, R2, -R3, Ri} , {^1, -^2' -^35 -^I}' ^^"^ o'^^ set contains three 2-fold rotations: {^i, r2, rs}. 
The character table for this group is shown in Table IBTTI By the dimensionality theorem, 
we know that A4 must have four irreducible representations: i, and 3, where 1 is the 
trivial representation, 1' and l" are non-trivial one-dimensional representations that are 
complex conjugates of each other, while 3 is a real three-dimensional representation. 

All elements of the group may be generated by two generators: S and T with the 
properties [180]: 

52 = = {STf = I . (B.l) 

So, for example, one can make the identification: S = ri and T = Ri. The one-dimensional 
representations can be generated by: 

1: S=l, T=l, (B.2) 
1' : 5=1, T = e2^^/3 = ^ ^ (g_3) 
1" : S = l, T = e-2W3 = ^2 ^ ^g_4^ 
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class 


Xi 


X2 


X3 


X4 






Ci 


1 


1 


1 


3 


1 


1 


C2 


1 









4 


3 


C3 


1 









4 


3 


C4 


1 


1 


1 


-1 


3 


2 



Table B.l: Character table for the Aa group. In the table, u denotes e^'^''''^, while nc- and hc^ are the 
number of distinct elements and the order of the elements in ith conjugacy class respectively. 



while for the real three-dimensional representation, we may choose: 



S 



(l \ 
0-10 

Vo -1/ 



T 



/o 1 o\ 

1 

VI oy 



(B.5) 



Using this, we can obtain the rest of the 3x3 representation matrices for ^4 (/ not shown): 



(B.6) 





/o 


1 


o\ 






/o - 


-1 


o\ 






/o 


-1 o\ 






ST = 








-1 




TS = 








-1 







1 








v- 


1 





j 











J 






V- 


1 


0) 










/o 













/o 


A 








/ 




-l\ 


{STf 




1 








, {TSf = 


-1 









-1 









lo 




I oj 






u 




1 oy 








U 1 


0/ 









l\ 








/-I 





0^ 








/- 


1 


o\ 






1 










TST'^S = 





1 





, ST^ST-- 




-1 











1 























V 


V 





(B.7) 



(B.8) 



The corresponding multiplication table for this group is given in Table D In calcu- 
lations, it is useful to know the basic tensor product rules, which are given by: 



10 1 = 1, 



1'55 1" = 1, 
1'05 1' = 1", 

3 3 = 1 © 1' © 1" ® 3„ e 3, , 



(B.9) 

(B.IO) 
(B.ll) 
(B.12) 



where subscripts a and s denote "asymmetric" and "symmetric" respectively. For the 
multiplication of two triplets in Eq. (|B.12p . we use the following convention: suppose 



B. 1 Properties of the group 
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* 


I 


Rl 


R2 


R3 


R4 


Hi 


Ri 


Hi 


Ri 


ri 


r2 


rs 


/ 


I 


Rl 


R2 


R3 


R4 


Hi 


Ri 


Ri 


Ri 


n 


r2 


rs 


Rl 


Rl 


Ri 


Rf 


Ri 


Ri 


I 




n 


r2 


R4 


R2 


R3 


R2 


R2 


Ri 


Ri 


Ri 


Ri 




I 


r2 


n 


R3 


Rl 


R4 


R3 


R3 




Ri 


Hi 


R2 


n 


r2 


I 




R2 


R4 


Rl 




R4 


Ri 


Ri 


Ri 


i?4 


r2 


n 




I 


Rl 


R3 


R2 


Ri 


Ri 


I 


r2 




ri 


Rl 


R3 


i?4 


R2 


Hi 


R^i 


Hi 


R2 


R2 


r2 


I 


n 


rs 


i?4 


R2 


Rl 


R3 


i?4 


Ri 


Hi 


Ri 


Ri 




n 


I 


r2 


R2 


R4 


R3 


Rl 


Ri 


R2 


R4 


R4 


-R4 


n 




r2 


I 


R3 


Rl 


R2 


i?4 


R2 


Ri 


Hi 


n 


n 


R3 


i?4 


Rl 


R2 


Ri 


Ri 


Ri 


Ri 


I 


rs 


r2 




r2 


i?4 


R3 


R2 


Rl 


Ri 


Ri 


Ri 


Ri 


r3 


I 


ri 


rs 


rs 


R2 


Rl 


i?4 


R3 


Ri 


R4 


Ri 


R2 


r2 


ri 


I 



Table B.2: Multiplication table for the A4 group. Note that multiplication is performed in following order: 
Gcoi * Grow, where Gcoi is an element from the grayed column whilst Grow is an element from the grayed 
row in the table. 



X3 = {xi,X2,X3) and 7/3 = (yi,y2>2/3) are triplets in A4, then the three singlets and two 
triplets contained in the product (X3 ® j/3) are given by 



{X3 y3)i 


= xiyi + X2y2 +X3y3 , 




(B.13) 


{X3 y-i)!' 


= xiyi + u;x2y2 + uj^xsys , 




(B.14) 


{x3 ysji" 


= Xiyi + u'^X2y2 + WX3y3 , 




(B.15) 


(^3 ysh. 


= {x2y3 - x^y2 , X'iyi - xiys 


,xiy2 - X2yi) , 


(B.16) 


{X3 2/3)3, 


= {x2y3 + X3y2 , X3yi + xiys 


,Xiy2 + X2yi) , 


(B.17) 



where u! = e^'^*/^ and we have abbreviated (X3 (8) 2/3) with (3:3 y^). 
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The following is the explicit calculation for each of the mass matrices omitted 
in Sec. 13.3.21 and Sec. I3.3.3L 

B.2 Mass matrices in tlie quarl<-lepton model 



rrie I charged lepton mass matrix 



91 {e-L (</'2))i efl + 9i {^L {4>2))i' e'A + 9i i^L {(t>2))i" 

- 92 {ei (</>?*))! e/j - g'2 (eL (</>?*))!' 4 " 92 (ei {(t>T))i" 4 + h.c. , {B.li 



CLl eL2 eLsj 



^9lV2 9x^2 9lV2 ^ 

gi V2 Log'i V2 uj'^g'i V2 
\gi V2 Lo'^g'i V2 Log'l V2 ) 



92 Vi 52 ^^1 



92 



92 Vi ujg2 Vi uj^g2 v-^ 



y 




(en\ 






4 






vJ 



+ h.c. , 



(B.19) 



where subscripts 1,2,3 of are the flavor indices and we have substituted in the vacuum 
values ((/)^) = {v2,V2,V2) and = {vl,vl,vl), 



(cLi eL2 CL-s) V3 



91V2 - g2vl 






g[v2 - g2vl 



\ 



51^2 - g'ivi) 



V'J 



+ h.c. , 



where 



A 1 i\ 



1 LO to 



V 



Prom this we can see that 



V]^ = and VeB^ = I 



(B.20) 



(B.21) 



up-type quark mass matrix 

91 (uL {4>i))iUR + g[ {uL {4>i))i' 4 + 9i {UL 4 

+ 92 {uL {(l)2*))iUR + g'2 (uL {(plDi' u'k + g'i (uL {<p2*))i" u'r + h-C. , 



(B.22) 



B.2 Mass matrices in the quarl<-lepton model 
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^91 Vl 


9i vi 


9>i \ 




(92 V*2 


92 ^2 


92^2 \ 












91 vi 


Log[ vi 


2 // 

^ 9i vi 


+ 


92 V*2 


^92 ^2 


^"^92 V2 












\9i vi 




ujg'l vi ) 




\92 V*2 


^^92 V2 


^92 V2 / 









+ h.c. 



(B.23) 



where we have substituted in the vacuum values {(pi) = {vi,vi,vi) and {(t>2*) = ('^2' ^21 ^2 



/ 9ivi + 92V2 



ULl UL2 UL3 I Uu, 



\ 

9'ivi + g'2V*2 

g'ivi + g'ivl] \u'J 



( ur\ 

11 



u 



R 



+ h.c. 



(B.24) 



Hence, 



VuL = Ul and VuR = I 



rrid I down-type quark mass matrix 



53 {dL (<A!]))i di? + 53 {dl {<lPd))i: d'h + 93 {dL {^"d))!" 4 + h. 



c. 



(dLi di: 



2 «L3 



93 Vd 93 Vd 5-3 



93 Vd Vd io'^g'i Vd 

\g3 Vd w^c/g Vd ujg'l Vd J 



(dR\ 
4 

V4y 



+ h.c. 



(B.25) 
(B.26) 



where we have set the vacuum to be {(fP^) = {vd, Vd, Vd) with Vd G 



dhl dL2 dL3 



93 Vd 





V 



\ 

V^g'^Vd 
V^93Vd] 



(dR\ 
d'k 

V4/ 



VI^ = U^ and VdR = I 



+ h.c. , (B.27) 



(B.28) 



neutrino Dirac mass matrix 

93 {VL (<Ad*))i + 53 (^L (<A°*))i' 4 + 53 (^L 4 + h.c. , (B.29) 



180 



Appendix B. Supplement materials for chapter 3 



i^Ll VL2 VLZ 



93 Vd ^g'z Vd ^'^g'i Vd 













+ h.c 


J 







\93Vd ^'^93Vd ^g'ivd) \t^'rJ 

where we have set the vacuum to be {(t)^^^) ~ {vd,Vd,Vd) with Vd G 



^Ll VL2 VL3 



93 Vd 









V 





V^93Vd 
V3g':^VdJ 



R 



+ h.c. 



VrJ 



= U^fhd = V}^ fhd 



(B.30) 



(B.31) 



(B.32) 



Mr neutrino Majorana mass matrix 

(11) 



(13) 



^R^'r + ^R 



Letting (A^) = vsi, (A^') = v'^^, (A^") = Vg^, this becomes the following in matrix form: 



(A?") + hf'^ 



'R 



%'r + (A?) + h.c 



(B.33) 



/, (11) , (12) , , (13),,, \ 



'R "R "R 



/,(12)„, h^^^K," h^^-^)^,. 
"1 ^<51 "1 ^51 "-l ^<51 



(22) I, ,(23), 



V ^(^^),/' h^^^h,. h^'^-^'',,' I 



(33), 



VrJ 



+ h.c. . 



(B.34) 



Mji is complex symmetric 



B.3 Mass matrices in tlie left-riglit model 



charged lepton mass matrix 

- [yi {ei /*)i e/j + y[ (ez. e'^ + y'i (e^ e'^] 

+ yi (el (flieR + y'l {CL /*)i' e'A + y'i {CL /*)i" e'/? + h.c. , (B.35) 

- yiveieii + 612 + eL3)eR - y[ve{eLi + ujeL2 + w^eL3)e'^ 

- y'lviieii + io^eL2 + ioeL3)e'R + yiVi{eLi + eL2 + eL3)eR 

+ y'iVi{eLi + i^eL2 + io^eL3)e"R + yivi{eLi + w^eL2 + ujeL3)e'R + h.c. , (B.36) 



B.3 Mass matrices in the left-right model 



181 



where we have used {(p ) = {4> ) = {vi,V£,V£) with vi = v"^. In matrix form, we obtain 



^yi VI y\ ve y'{ ve 
yi VI ujy[ Vi uj'^y'l i 
\yi Vi uj'^y[ Vi Loy'l Vi ) 

(-yi + yi 



+ 



2/1 Vi 2/1 Vi yi Vi 
yi Vi ujy[ Vi Lo^y'l Vi 

T, n, , ,2~/ „, , 



y 




(en\ 












vJ 



Vi 





V 



\ 

y'l + y'l 
-y'l + y'lj 



V'J 



+ h.c. , (B.37) 



+ h.c. , (B.38) 



So, 



= and VeR = I 



m 



D 



neutrino Dirac mass matrix 



yi {i^L 4>°)i^R + y'l i^L J^R + y'l {i^l 4>^)v' ^'r 

- \yi (i^L (f)iVR + y'l {T'L j^'r + y'l {j^l (t>°)i" ^'r] + h.c. , 



(B.39) 







^yivi 


y'lVi 


y'lvi \ 


^yivi 


y'lVi 


y'lvi \ 






h\ 






yive 


Loy[ Vi 


^ y l Vi 


- yivi 


ujy[vi 


2~ll 

^ vl Vi 












\yi Vi 


uj^y[ Vi 


Wl Vi / 


\yivi 


ij?y\ Vi 


^yl Vi ) 






Vr) 



T^Ll VL2 VL'i] Uuj VSVi 



[yi-m \ 
y'l - y'l 

V y'l -y'l/ 



,11 



V 



R 



Vr) 



+ h.c. , (B.40) 
+ h.c. , (B.41) 

(B.42) 



Mr neutrino Majorana mass matrix 



yi^RiT2{^R){l+l'+l")(-R + h..C. , 

1\ / 



r '^r 



fR 



-1 \vs 1 \eR 
/ \ " / (i+i'+i") ^ 



+ h.c. 



mi'RJ^RVSil+l'+l") +h.c. 



(B.43) 
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Letting vs{i) = "^5: ^(5(i') = v'^j "^^5(1") = ^5 ^ind expanding out the A4 components to get 



(12) 



+ ^4 



(13) 



''r "r 



^R^R + ^R 

,(12) 



// , (23) 



. , (12) / , -, „ 



^R ^R + ^R ^R 



^R^'R + ^R "R 
vs + h.c. , 



. , . (22) // (23) 

yi '"s y\ '^5 yl 



(33), 



Mfi is complex symmetric 



'R 



VrI 



+ h.c. . 



(B.44) 
(B.45) 



mu up-type quark mass matrix 



y2s (UL Ur)3s 0° + y2a {ul UR)3a 4>^ " y2s {ul Ur)3s 0° - y2a (ul UR)3a 
+ y3 {uL Ur)i<I)°a + ys (uL Ur)i' (t^A + {uL Ur)i" 4>a 

+ m {ul UR)i(t)B + y'3 (ul ur)i' (Pb" + yi {ul ur)i» (fP/ + h.c. . 



Letting ((/)°) = {vi,ve,vi), {4>\) = va, 



v'a and ((/>^*) = V 



''^b'^ {^^b") ~ '^b" ^ii*^ expanding (h.c. omitted for brevity): 



(B.46) 



B, {<P%*') 



y2s Ve{UL2 UR3 + UL3 UR2 + UL3 Uri + Uli UR3 + Uli UR2 + UL2 URl) (B.47) 

+ y2a Vg{uL2 UR3 - UL3 UR2 + UL3 URl - ULI UR3 + ULI UR2 - UL2 Uri) (B.48) 

- y2s Vi{uL2 UR3 + UL3 UR2 + UL3 Uri + ULI UR3 + ULI UR2 + UL2 Uri) (B.49) 

- y2a Ve{UL2 UR3 - UL3 UR2 + UL3 Uri - ULI UR3 + ULI UR2 - UL2 URl) (B.50) 

+ y3 Va{uL1 URl + UL2 UR2 + UL3 UR3) (B.51) 

+ ^3 Va"{ul1 Uri + LV UL2 UR2 + Up' UL3 urs) (B.52) 

+ y'i Va{uL1 uri + u"^ UL2 UR2 + iOUL3 UR3) (B.53) 

+ ys V%{ULI URl + UL2 UR2 + UL3 UR3) (B.54) 

+ y3V%"{uLlURi +u;UL2UR2 +UJ^UL3UR3) (B.55) 

+ y'g V%'{ULI URl + Uj'^UL2 UR2 + UJUL3 urs) (B.56) 



(|B.47P and (lR49j): {y2s - y2s) vi (uli ul2 ul3 



Y2s 



/o 


1 




^URl^ 


1 





1 


UR2 


VI 


1 


0/ 


\UR3/ 
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(|B.48P and dRSOj): {y2a - y2a) ve (ul^ ul3 



Y2a 



/O 1 -l\ 
-1 1 

VI -1 0/ 



UR2 
\UR3/ 



(|B3T|) and dEMl): {y3VA + Vsv^) (uli ul2 



UL3 



Ya 



/l 





o\ 







1 





UR2 


Vo 





1/ 


\UB3/ 



(USa and jEMl) : (y^ v'^ + y'^ v^") 



UlI UL2 Ul3 



n 



and JEli : (ya '^A + O 



ULl UL2 UL3 



/l \ 

tj 

\0 u'^J 

/l o\ 





y" 



UR2 
\UR3/ 
( URl\ 

UR2 



vo ujj \uRs/ 
Putting (lR57ll . (lR58ll . (lR59ll . (IrMIi and (|R6T]) together, we obtain 



(B.58) 



(B.59) 



(B.60) 



(B.61) 



(uLl UL2 ■ULs) 



{uLl UL2 UL3^ 



(Ya + Y'^ + Y^ Y2s+Y2a 

Y2s-Y2a YA + ivY'j^ + Uj'^Y'i 
\ Y2s+Y2a Y2s-Y2a 

(y^a^ y, \ UrA 

Y2 yP Y+ UR2 

\Y+ Y^ yP) [ursJ 



Y2s-Y2a \ /urA 
UR2 
\UR3J 



Y2s + Y2a 
,2W 



Ya+oo'Y^ + loY'IJ 



(B.62) 



The mass matrix contains 10 real parameters only, and so we expect that VuL and 
VuR are not completely arbitrary and may have a special form. However, there should be 
enough degrees of freedom to produce the observed quark mixings. 



rrid down-type quark mass matrix 



y2s (d-L dR)3s 4P* - y2a {d-L C^i?)3a <P°* + y2s (^L 'i/?)3s <A°* + y2a (dl C^i?)3a 0°* 

+ ys (dL dR)i 4)% + y'3 (di dR)i' (/)%" + (^l ((>%' 

+ m (dL dR)rctPX + y'3 {dL dR)v cfPf + y'i (dL dR^. cjPX' + h.c. , (B.63) 
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= - y2s ve(dL2 dif,3 + dL3 dR2 + dL3 dm + Ili dR3 + dLi dR2 + dL2 dm) (B.64) 

- y2a V£(dL2 dm - dL3 dif2 + (^LS dm - dLl dR3 + dLl dR2 - dL2 dRl ) (B.65) 

+ ms Vi(dL2 dR.3 + dL3 dR2 + ^LS dfli + ^Ll dR3 + dil dR2 + dL2 dRi) (B.66) 

+ y2a Vl(dL2 dR3 - 2l3 dR2 + f^L3 dRl - dLl dR3 + dll dR2 - dL2 dRl) (B.67) 

+ 2/3 VBidii dRl + dL2 dR2 + dL3 dR3) (B.68) 

+ y'-3VB"{dLidRi +ujdL2dR2 +uj'^dL3dR3) (B.69) 

+ VB'idii dRl + uj'^dL2 dR2 + u;dL3 c^ra) (B.70) 

+ m VAid-Li dRl + dL2 dR2 + dL3 dR3) (B.71) 

+ 2/3 f ^"(rfLi dRl + w c?iJ2 + u;^ dL3 c^ra) (B.72) 

+ y'a t';4'(dLi (ifli + dL2 dR2 + w dL3 dRs) , (B.73) 

where we have omitted the h.c. in the above. Following a similar procedure as in the rriu 
case, we find: 



dLl dL2 dL3 



dLl dL2 dL3 



/Yb + YI, + Y^ 

-y2s 

\ -Y2s-Y2a 



-Y2s - Y2a 



Y2s + Y2a Yb + ujY;, + uj^Yi; 



/yd) 



2 

\-Y2 



Y,- y, 



^2 

(1') 



B 

-Y2s + Y2a 

-Y,-\ (dRl\ 



-Y2s + Y2a \ 
-Y2s - Y2a 

Yb + c^2y^ + (jy^7 



(dRl\ 

dR2 
\dR3j 



B 



-y+ 

^-2 

-y- y('")/ 

^2 '^B / 



dR2 
\dR3j 



(B.74) 



"Id 



where y2s,2a = -{y2s,2a - y2s,2a)v£, Yr = y3VB + y3V*A, Y^ = y'^v'^ + y'^v*/ and y^ 
y'^v'^ + ^3^^'- Like before, we expect that VdL and VdR are not completely arbitrary. 
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C. 1 More illustrative examples from standard leptogenesis 



In this section, we present the computations of the self-energy contributions to the CP 
asymmetry in standard leptogenesis with the aim to further illustrate the usage of the 
simplified Majorana Feynman rules, as well as to confirm that the known results can 
be obtained this way. Note that there are actually two separate self-energy graphs that 
contribution to the interference term when final state flavor i is not summed over. So for 
c„.pl*ne.,„e Shall calcla. .he. .„thhe.efl 

Self-energy contribution to the CP asymmetry (1) 

The first self-energy contribution is given by interference between one-loop graph in Fig. lC.ll 
and the tree-level diagram in Fig. 14.11 on page 11241 Following the procedure discussed in 
Sec. 14.2.31 we have for the interference term: 



^For the vertex correction, there is only one graph because weak isospin conservation forbids the exis- 
tence of a second diagram. 



self-(l) 




[^(52)]n \-uIC^Plu, 



J 11 



(C.l) 
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Figure C.l: One-loop self-energy correction graph (1) for the process Nk — > £j4>- LEFT: {Vh)ab = —i hat Pr 
and iy^)ab = i Kih C' Pl are the vertex factors; RIGHT: we have included the momentum flows and spinor 
indices [X], where q — p ~ p and 92 = p ~ qi- 



where we have shown all spinor indices explicitly. Letting Ah = h*fjijmhnmh*^ki ^^^^ then 
becomes {m^,mi. « 0) 

d% Uj PR{-i){p + Mm)CP^i{-^^fPlC*ul{i){-l)ulC^PLU, 



4elf-(l) - Ah I ^2^^4 



-iA. 



{p2-M?,, + ie){ql + ie){ql+ie) 
d^qi uj Pnif + Mm)C C^PrC C^^^CC^PlCC* CuIuIC^Pluj 



(2^)4 (p2 _Ml + te)iqf + ie){ql + ie) 

iAh f dSi Pnip + Mm) Pr^^Pl C (E, UkUkf C^Pl Es' 
2 



(27r)4 (p2 _ Ml + ie)iqf + ie){ql + ie) 



(2vr)^ 



{p^ -Ml + ie){ql+ie){q^+ie) 



iAh Mk M„ 



d^'qi 



91 -P 



(27r)4 (p2 _ Ml + ze)(<?2 + ie){ql + ie) 
To pick out the discontinuity of the integral 



. d'^qi qi • p' 

l^,)=tM,Mm I (2^)4 ip^-Ml + ie){ql+^e){q|+^e) ' 



(C.2) 



(C.3) 



we note that there is only one sensible way to cut the diagram, namely, through the 
propagators associated with qi and q2. So, with the replacement: 



1 



ql + ie 



-2m5iqheiEi) , and — 

q^ + ie 



-27ri5{ql)Q{E2) , (C.4) 



we have (using q2 = P — Qi) 

^■(r ^ -j,,^, f Ai {-27^i)'iq,.p')5{qMip-q^r)e{E,)e{M,-E^] 
Disc(/(i)) = iMkMm I -j—^ Z3. ^75 • y^-^) 



p^-Ml 
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Simplifying this using all the tricks and relations mentioned in Sec. 14.2.31 we obtain 



Ei-^ - {-q- qi) 



5{El-\qr^'' 



-i MlMm 



8n^Mi-Ml) 



-i MlMm 
167r2(M2-M^: 



-i MlMm 
167T^Mi-Ml) 

-i MlMm 
16n\Mi-Ml) 

-i MkMm 
327r2(M2-M^) 



X 5 [{Mk - Elf - e(^i)e(Mfc - ^i) , 
dEid\i{Ei + \qi\ cose)-^5{Ei - \qi\) 

^qi\ 

X 5 [(Mfc - Elf - e(Si)e(Mfc - El) , 

1^1 1 ^^^1 9*1 1 + COS0)-j-^ 

l^il 

X 6 [{Mk - \qi\f - \qi\^] e{Mk - \qi\) , 
\qi\^d\qi\dn (1 + cosO) 6 [Af| - 2Mk\qi\] G(Mfc - \qi\) , 

Mk' 



I - i2ji - I JO (1 + COS 6*) 

Mi 

dQ ^(1 + cos^) , 



m\ 



e{Mk-\qi\) 



MlMm 2tt 



327r^{Ml-Ml) 4 J_i 



dx {1 + x) , 



-iMlMm 



327T{Ml-Ml) • 
Prom this the imaginary part is given by 



(C.6) 



T rr 1 1 T^- rr 1 ^^k ( MkM, 



647r \Ml-Ml 



(C.7) 



The 2-body decay phase space for this case is given by 



1 Mk 
2 X 2 X — " 



1 



Svr 2 Ml 47rMfc 



where one of the factor of 2 is to account for the two channels of final decay products 
while the other is to account for the two types of intermediate state {vcj)^ or e~ (j)'^) inside 
the self-energy loop. Putting all these together and summing over all heavy Majorana 
neutrino species m / /c, as well as the internal lepton species n, we get a contribution to 
the asymmetry due to this interference as 



eseif-(i) = -TT- ^ ^^T^{Ah) Im(/(i)y^) , 

tot , , „ 



(C.9) 



188 



Appendix C. Supplement materials for chapter 4 



£self-(l) 



4 X 



MkMm 

M? - M2 

k m 



MkM„ 



S^{h^h)kk 



m=^k 



87r{hm)kk 



^ Im h*^hjrn{h'^h)kr: 



m=^k 



1 - z 



Ml 
Ml ■ 



(C.IO) 



Observe that this is the same result as presented in [90]. If we sum over j, then we recover 
the expression used in Chapters [T] and [2l 



Self-energy contribution to the CP asymmetry (2) 



The second self-energy contribution is given by interference between one-loop graph in 
Fig. IC.2I and the tree-level diagram in Fig. 14.11 on page 11241 Note that for this self-energy 
diagram, there is no ambiguity in the direction of fermion-flow through the Majorana 
propagator, hence things are more straight forward than before. The interference term can 
be readily written down as 



(i4 



4eif-(2) = j j^^{i'h*k){-ihjrn){iK^){-iKk) [uj]^c \.Pr\ca [Sn,Ap)]ab 
X [C^Pl\be [St{qi)]EF [Pr]fd [4]di [D{q2)]i, \-ulC^ Plu^ 



11 



(C.ll) 



where we have again shown all spinor indices explicitly. Letting Bh = h*i^hjmh*im^nk, and 



putting into matrix form, we get 



4elf-(2) - Ph 



-iPh 

-iPh 
2 

-iPh 



d% Uj PR{-i){p + Mm)CC^PL i{^^)PRUl{i){-l)ulC^PLUj 

(27r)4 (^p2_Ml + ie){ql+ie){ql+ie) 

d% uj Pr{P + M^)Pl {^^)Pr CululC^ Pluj 

d% PR{f + Mm)PL (^i)C [Es UkUk]" Ct Pl Es' Uj^j 



(2^)4 



{p2_Ml + ie){ql + ie){ql+ie) 
PRif + Mm)PL + Mk) PlP' 



2 

iBh 



{p2_Ml + ie){ql+te){ql 
Tr 



{2nY{p2-Ml + ie){ql+ie){ql+ie) ' 
d^qi 2{p ■ p'){p ■ qi) - p'^jp' ■ qi) 
(27r)4 (p2-Ml + ie){ql+ie){ql+ie) ' 



(index form) 



(C.12) 
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Figure C.2: One-loop self-energy correction graph (2) for the process Nk — > ij<l>. LEFT: {Vh)ab = —i hat Pr 
and (V^)a6 = i h*^b Pl are the vertex factors; RIGHT: we have included the momentum flows and spinor 
indices [X] , where q = p — p and q2 — p ~ qi. 



We now concentrate on the integral 



'(2) 



(fqi 2{p ■ p'){p ■ qi) - p\p' ■ qi) 
(27r)4 (p2 _ Ml + ie){ql + ie){ql + ie) 



(C.13) 



Like before, there is only one way to cut the diagram (through qi and 52), and the discon- 
tinuity is given by (e — > 0) 

Disc(I(2))=i j ^{-27rif6{ql)6{{p-qif)e{Ei)e{Mk-E,) 

2{p-p'){p ■ qi) -p'^{p' ■ qi) 



—I 



p^-Ml + ie 
dEid^qi5{ql)5{{p - qif)Q{Ei)Q{Mk - Ei] 



2 X ^ MkEr - Ml (^Ei + Iglllgl cosi 



dEid\i5{El - ((Mfc - Elf - 6(^1 



X e(Mfc - El] 



MlEi-^{Ei + \qi\cosi 



-iMl 



IQ-K^iMl-Ml) 



\qi\^d\qi\d^ (1 — cos( 

xe(Mfc-igii), 



2Mfc| 



Mk-il-^ 



2" 



2tt 



327rHMi-Ml) 4 J_i 



d(cos 9) (1 — cos 6) , 



-iMl 



327r(M| - Ml) ■ 



(C.14) 
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Hence, the imaginary part is given by 

1 



I™ [^(2)] = Yi ^'^'^ 



'(2)J 



ML 

647r Vm2-M^ 



(C.15) 



Therefore, asymmetry due to this interference term is given by 



eself-(2) = -jr- ^^'^M^h) Im(/(2)1/^) , 
tot „ 

Svr 



4 X 



M2 / Ml 



1 



mk 



87r(/it/i) 



87r(/it/i)fcfc 



Ml 



m^k 



1 - z 



(C.16) 



It should be noted that upon summing over j, the above expression vanishes (because the 
argument of Im[- • • ] is real), thus in the one-flavor approximation, this term is absent. 
Nonetheless, combining this with result (jCllj) . we get the full contribution due to the 
self-energy correction graphs: 



Eself 



^— — ^ Im h*f,hjrnl{h''h)kjnY^ + ih^h)^kY^ 



87r(/it/i)fcfc 



m^k 



(0.17) 



m^k 



Mk 



8n{h^h)kk£:^,Mi-Ml 



Im 



'^jkhjm{ih^h)kr,^Mm + ih^h)mk^'h]] . (CIS) 



This is basically Eq. 6 of [90], hence we have reproduced the standard result given in the 
literature. 
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C.2 Full workings of selected items from Sec. 14.3.2 



Interference term involving the self-energy correction of Fig. 14.5b 



The following is related to Eq. (|4.85l) on page 11371 It shows all the steps leading to the 
final result of (|4.86l) . Unless otherwise stated, all symbols have the same meaning as in 
Eqs. (OKI) and KMh . 



I: 



5D 



self-(b) J (^27r)4 

X [Siiqi)]EF 

where b[^'' = A*. Aim,A^rr,A- 



BE 



FD 



11 



16B 



(5) 



(27r)4 ^p2_Ml + ie){ql + ie){ql + ie) 

(5) / d% PRC7''''qa{f + Mm)af^''q2f3PLi^PRCT^''q25C[EsUkUkfC^ 



B 



' (2vr)4 i^p2_Ml + ie){ql+ie){ql+ie) 

X a^'^qriPigafi. ^ UjUj ^ elep , 

s' pol 

(5) / cL-qi -iTrjPRi^Y - YMi2^'' - riMi2^- - M2 



1 



B 



^ ' (2vr)4 2{p^-Ml+ie){ql + ie){ql + ie) 

(5) / d^gi 32iM| [4(g • q2){qi ■ 92) - (q ■ qi)q2 " Mp ' Q2){qi ■ ^2) + {p ■ qi)q2] 
A 



{p^ - Ml + ie){ql+ie){q^ + ie) 



(C.19) 



Focusing on the integral: 



rSD 
^s-(b) 



4 f '^{q ■ 'i2){qi ■ q2) - '^{p ■ q2){qi ■ q2) - {q ■ qi)ql + {p ■ qi)ql 



I 



{p^ -Ml + ie){ql + ie){ql+ie) 



(C.20) 

The discontinuity of this integral is determined by cutting through the propagators with 
momenta qi and 52, which then results in (^2 = P — qi-,qi = {El: qi))'- 



Disc(/j 



5D 



s-(b)^ Ml -Ml J (27r)4 



-2TTi)H{ql)5 [{p - qif] Q{Ei)e{Mk - E^) 



[4(g • q2){qi ■ q2) - 4(p • q2){qi ■ 92) - {q ■ qi)ql + {p ■ 91)^2] 
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Ml -Ml J (2^)4 



{-2mf6{ql)5 [{p - qif] Q{E^)@{Mk - E^) 



[4(g • q2){qi ■ ^2) - 4(p • q2)[qi ■ ^2) - {q ■ qi)ql + {p ■ , 



-8iMi 



V 2 



(^i-|^-'i|cos^)-M| + Mfc£;i 



+ (^MkEi - ^-^{Ei - \qi\cosd) ] ((A4 - Eif - \qi\' 



where 9 is the smaller angle between q and qi, 



-2? f 1 

/ klpdk-ildO — S [(Mfc - - \q,f] @{Mk - Iftl) 



^2(^2 _M2,) 7 ^'^^'^"^ |gi| 

X [AMkWil {-Mk + + \qi\cose) + (1 + cos9) ((M^ - - , 
2, 



-2iM| 



TT^iMl-Ml) 



\qi\'d\qi\dn 



1 



2A4I 



k-il 



Mk 



Q{Mk-\qi\) 



X [4Mfc (-Mfc + \qi\ + \qi\cose) + (1 + cosO) (M^ - 2|gi|)] , 



-iMi 



^\Ml-Ml) 
2zM| 



d{cosd) ^ X 4 X — ^(1 -cos( 



7r(M| - Ml) ■ 
So, the the imaginary part is given by 



(C.21) 



Im 



t5D 
^s-(b) 



— Disc 
2i 



r5D 
^s-(b) 



Ml 



7r{Mi - Ml) ■ 



(C.22) 



The total decay rate is given by the twice of (|4.79p and phase space is same as for Fig. 14.5b . 
with = l/167rMfc. Therefore, 



5D 

self-(b)-A;J 



^ EEM5f)Im(/Si)l-,) 

i tot „ 



Mi 



2^(AtA) 



— - ^ Im |^A*fcAj>„(A"l'A)mfc 



1-Z 



(Mfc/A)- 
27r(A|,Ao)fcfc 



Im (Ao)jfc(Ao)jm(AjAo; 



mk 



1 - Z 



Ml 
Ml 



(C.23) 



where we have summed over all heavy Majorana neutrino species m ^ k, as well as internal 
lepton species n. 
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Interference term involving the vertex correction of Fig. 14.6b 

This subsection includes all the workings in the computation of the integrals in Eq. (I4.88P 
on page 11381 Unless otherwise stated, all symbols have the same meaning as was first 



introduced in Eqs. (|4.88l) and (|4.89p . 

We would like to evaluate the discontinuity of the integral 

+64(g • q2) [-2{p' ■ qi){q ■ 92) + 2{p' ■ q2){q ■ qi) + M|(gi • 92)] } ■ 

(C.24) 



To this end, we note that there is only one way to cut Fig. 14.6b which is through qi and 
q2- Therefore, we make the replacement 

^ -27ri6{qj)eiEi) , 

qf + ie 

^ -27ri6{qj)@{E2) = -2m6{{p - qif)Q{Mk - Ei) , 

where qi = {Ei,qi), q2 = (-£^2, 9*2) = (-^fc — Ei,—qi). Letting e ^ 0, and substituting 
q3 = qi-q and q2=p- qi,we get 



Disc 



t5D 

vert-(a) 



Ai i-27ri)^5iql)5 {{p - qif) @{Ei)Q{Mu - E^] 
(2vr)4 {q, - qY - 



X |64f -M,.(^i + |g-i|cos0) {-^-q-qx 

+2 -^{Ei + \qi\ cos 9)^ {q ■ qi) + Mi{MkEi - qf] 

-32M|((?.gi)((Mfc-i?i)2-|gi|2)} , (C.25) 



where we have used 



p-qi = MkEi , (C.26) 

p'-qi= Ei^ - i-q) ■ qi = E,^ + \q,\\q] cos = ^{Ei + \qi\ cosO) , (C.27) 

where 9 is the smaller angle between qi and q. In addition, we have 

q.q^=Ei^-q- qi = - \qiM cos = ^{Ei - \qi\ cos 9) . (C.28) 



194 



Appendix C. Supplement materials for chapter 4 



Thus, 



Disc 



5D 

vert- (a) 



(2^)2 



X e(Mfc - ^i) <^ 32Mfc (Mfc -Ei + cos^)) 



-^{Ei + \qi\cos( 



Ml 



X (Mfc - ^1 + \qi\ cos 0) + ^(^1 - Ig-il cos 9) (Mfc - - |gi| cos 9) 



+MliMkEi-Ef + \qi\^) 



.32 m2 ( ^(i^i - \qi\ cos 6) ] {{Mk - E^f - jglp^ 



(C.29) 



and simplifying using 5{Ei - |gi|^) = [5{Ei - \qi\) + 5(^1 + |^i|)] /2\qi\, to get 



Disc 



5D 

vert- (a) 



iMrnMu f^3 1 HiMk - \qi\f - \qi\^) Q{Mk - \qi\) 



(2^)2 

X <j32Mfc(Mfc-|Qi|(l-cos0))) 
Mi\qi\ 



(k-'i|-^)2-|gi-g12-M2 
Ml\qi\ 



{I + cos9){Mk - \qi\{l - cos9)) 



-16M||gi|(l - COS0) {{Mk - \qi\f - \qi\') } , 



2(2vr)2 y I'^il (|g-i|_M.)2_|^-.^_g-i2_M^ 



X <^32Mfc(Mfc-|gi|(l-cos0))) 



-^(1 + cos0)(Mfc - IgiKl - COS0)) 



+ (1 _ COS0) (Mfc - |gi| - \qi\ cos9) + M| 
-16M|(1 - COS0) (M| - 2Mfc|g-'i|) } , 



I \qi\^d\qi\dn 

87r2 



MmMk 6 



\qi\-^ Q{Mk-\qi\) 



I - 2Mk\ _ _ |^-.^|2 _ ^ + i^-^im, cos0 - 

X <'32Mfe(Mfe-|gi| + |gi|cose)) 



M2 

^(1 + cos0)(Mfc - \qi\ + \qi\ cos9) 



Mi 



_ COS0) (Mfc - kll - \qi\ cos9) + M| 
-16M|(1 - COS0) (M| - 2Mk\qi\) 



(C.30) 
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where in the last step we have used the identity, 5{ax) = 6{x)/\a\ and the fact that 

-Wi - = - (k-ip + kf - mm cosw) , 

= -\qi\^-^ + \qimcos9, (C.31) 

where 9 is again the smaller angle between qi and q. Performing the d\qi\ integral to get 
-iMm f Ml 4M|(1 + cos 0) [-(1 + cosg)^ + (1 - cos9f + 4] 

^ 2^ + -2^ cos 6* - 

'^MraMl f (l + cos6') r-(l + cos6')2 + (l-cos6i)2 + 4l 



Disc 



5D 

vert- (a) 



47r2 



2(1 - cos 9) + 4:Z 



iM^Ml f^^j^ (1 + x ) [-(l + x)2 + (l-x)2 + 4] 



4^2 



2(1 -x) + 4z 



' dx 



1 



l-x + 2z 



I MmMl ^2 + 4z - 4z{z + 1) In [-2{z + 1)] + Az{z + 1) In [-2z]) , 



Disc 



5D 

vert- (a) 



TT 



^/1 1^2 + Az - Az{z + 1) In 



z + l 



with z = 



Af2 



(C.32) 



So, 



Im 



r5D 

vert-(a) 



2i 



Disc 



t5D 

vert-(a) 



TT 



1 + 2z 1 - (z+ l)ln 



'z+l 




z 


)] 



(C.33) 



Total decay rate and phase space factor are as in the previous case, hence the contribution 
to CP asymmetry for this vertex correction graph is 



-5D 



-Ml 



^vert-(a)-fc,i 27r(AtA)fcfc 



- ^ Im [A*fcAjm(AU)fcm fva{z) , 



2vr(AoAo)fcfc 



^ Im (Ao)jfc(Ao)jm(A2)Ao)fcm fva{z) , (C.34) 



where 



fVa{z) 



1 + 2z 1 - (z + 1) In 



'z+l 




z 


)] 



(C.35) 
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C.3 Full workings of selected items from Sec. 14.3.3 



The following are the intermediate steps between Eqs. (I4.104|) and (|4.1Q5p on page 11431 
which show how to evaluate the 3-body phase space integrals. Starting from ()4.1Q4p : 



^^aD ^ 8(YAV _ 2^^^.^^ ^g;^ 5i^Hp -p'- p" - ,) , (C.36) 

we integrate over all possible values in d^p', d^p" and d^q to get the decay rate: 



T^6D 

^ k 



'p ,p ,q 

Using the relation for massless particles with four-momentum k: 

(fik 



f (IClMll . (C.37) 

J v' .v" .a 



2E. 



f{k)= / d''kQ{ko)5{k')f{k) , (C.38) 



where f{k) is any function of k, <d{x) is the unit step function, and 6{x) is the Dirac-delta 
function, we can simlify the d'^p' integral and get 



[E,{Ml - 2MkE")] dp'od^p'e{p'o)6ip'i - |p f ) 



(27r)5 

d^p" d^C 



X 



2E" 2Eg 



6{Mk -E' - E" - Eq) 5(3) {p' +p" + ^ . (C.39) 



Performing the dp^ integral (NB: dp^ = dE') using delta function: 6{Mk — E' — E" — Eg), 
we then have 

X'i'P^^/'Hp' + (C.40) 
Next we do the d^p' integral using delta function: d^^\p' + p" + q) to obtain 

- J ^2^^^"^^^'^-^^'^ ^^2E^2Eg 

X e(Mfc - i?" - Eg) 6 [{Mk - E" - Eg)^ -\p" + gf ] , (C.41) 

' V ^ ' 

= 1 =5[{p-p>'-g)2] 
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^^^^^ [Ml - 2MkE"] 6 [Ml - 2MkE" - 2MkE, + 2E" E,{1 - cos/3)] 



where we have used 



(C.42) 



\p" + = \pT + kT - 2|P cos(7r - /?) 



E""^ + El + 2E"E q cos 13 



(C.43) 



Here, 13 is the smaller angle between p" and q. In polar coordinates, the measure d?p" d?q 
can be rewritten as 



Sp" d\ = \p"\^d\p"\dQ."\^^d\^dnq , 

= E"'^ dE" (47r) El dEq {2tt) d{cos P) 
= 2 (27r)2 E""^ dE" E^ dEg d(cos /?) . 



(C.44) 
(C.45) 
(C.46) 



Using this in (|C.42j) . we have 



r 



6D 



4(A'tA'; 



kk 



(27r)3 

(27r)3 

2{X'^X')kk 
(27r)3 



E"^ dE" El dEg d{cos P) 

x6[Ml- 2MkE" - 2MkEq + 2E" Eq{l - cos /?)] , 



^"2 dE" El dEg d(cos f3) ^ 



Ml - 2MkE" 



1 



2E"E„ 



Ml 



E" 

Mk Mk 



2E"Eg E" Eg 



+ 1 — cos (3 



Eg dE" dEg d(cos f3) {Ml - 2MkE" 
Mk Mk 



X 6 



_Ml 

2E"Eg E" Eg 



+ 1 — COS P 



and after performing the d{cos (3) integral, we obtain 



^6D 



2(A'tA'; 



kk 



(2vr)= 



(C.47) 



j dE" dEg Eg {Ml - 2MkE") . (C.48) 



In order to evaluate the dEg and dE" integrals, we must first ascertain the respective 
integration limits for Eg and E" . To this end, we first note that we have E",Eg > 
by our definitions hI- Next, we observe that in getting to (|C.48|) . the integration over 
(cos f3) necessarily picks out an appropriate value such that the argument of the (5-function 



^This can be seen from the way we have written down the argument in the step function Q{Mk — E" — Eg) 
and compare it with the direction of momentum-flows in the Feynman diagram. 
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vanishes. In other words, the expression of the argument 

Ml Mk Mk 



2E"Eq E" Eg 



+ 1-COS/3, (C.49) 



must equal to zero somewhere between its maximum (when cos/3 = —1) and minimum 
(when cos /? = 1) since — 1 < cos/3 < 1. This requirement then gives rise to a set of limits 
for E" and Eg. Specifically, we can write 

M| - 2MkE" - 2MkEq < , (cos f3 at minimum) , (C.50) 
Mk - 2E" -2Eg<0 , (C.51) 



^-E"<Eg, (C.52) 



which implies E" < Mk/2 as Eg > 0. Furthermore, conservation of energy implies that 
Mk > E" + Eg (in the centre-of-mass frame of the decaying particle) , so for a given , Eg 
is maximum when E" is at its smallest possible value. Therefore, to find the upper bound 
for Eg, we observe that 

Ml - 2MkE" - 2MkEg < Q , (cos /? at minimum) , (C.53) 
Ml - 2MkE" - 2MkEg > , (cos /? at maximum) . (C.54) 

Eqs. (|C.53p and (IC.54P are true for all allowed values of E" and Eg, and in particular, if 
we set E" = (so to maximise Eg), we get 

Ml-2MkEg<0, ^<Eg, (C.55) 



Ml-2MkEg>0, ^>Eg. (C.56) 



2 
'2 

These two relations must be true simultaneously and so the upper bound for Eg is Mk/2 



For the lower bound, we simply take (IC.52p . In summary, the limits for E" and Eg are 



aft . E" < E, < 

2 - - 2 



E"<Eg<-^, (C.57) 



0<E" <^ . (C.58) 



^Note that we could have expressed E" in terms of Eq instead (and their roles will interchange in the 
formulas). The choice itself is not important, but once the limits are set, it will dictate the order in which 
we integrate these variables. 
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Returning to (IC.48P and performing the dEg and dE" integrals to get 

rf = / ' dE" f; dE, E,{Ml - 2M,E") , 

(2vr)'^ Jo J^-E" 

Jo 2 



(27r)3 

_ {X'^X')kk Ml 
(27r)3 32 ' 

2567r3 

which is the result of (|4.105l) on page 11431 



(C.59) 



Next, we present the calculations leading to Eq. (|4.109p on page 11441 Beginning with 
the expression for the amplitude given in (|4.108p . we apply the cutting rules and put the 
propagators associated with qi, q2 and {= p — qi — ^2) on-shell 3. In other words, we 
make the following replacements: 

^ 27ri S{ql)e{Ei) ; ^ -27ri 5{ql)Q{E2) ; (C.60) 



^ -2Tii 6{ql)e{Es) = -27ri 6{{p - qi - q2f)&{Mk - Ei - E2) , (C.61) 



qj+ie 



where we have used (|4.102p in writing these out. So the discontinuity of (|4.108p is 

Disc [4eifJ = J dqidq2 ^^2 _ j^2^ ' ^(^1)^(12) 

X 6[{p -qi- q2f] e{Ei) 9(^2) G(Mfc - E^ - E2) , (C.62) 

where we have substituted = M| and taken e — > 0. Using (|C.38p and the fact that 
qf = Ef — = (i.e. massless on-shell particle) to rewrite the integral while expanding 
out the scalar products, we get 

n- [7-601 MiA^MmMk f d^qi d^q2 , , ... .. .. .2^ 

= ci.nMi-Mi,) 7 2^ 2^ • ^) ['('^ • • ^[(^ - - ] 

' -y^ ' 

A 

X G(Mfc -E^- E2) , (C.63) 



■'Note that this is the only possible cut for this self-energy diagram. 
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A{p'-q) I - cos ttgi) £'1^2(1 - cos a2i)] 

X 6 [M| - 2EiMk - 2E2Mk + 2EiE2{l - cos 021^ 



(C.64) 



where 021 and Ogi are the smaller angles between q2, qi and q, qi respectively. Note that we 
have used Ei = |gi|,£'2 = I92I and Eq = |g| because the on-shell particles are assumed to 
be massless. For convenience, we have also dropped the G(Mfc — Ei — E2) since it equates 
to one. Next we replace 



(fqi(fq2 = El dEi El dE2 d^i d9.2 , 

= El dEi El dE2 (27r) (i(cos agi) (27r) (i(cos a2\) 



(C.65) 



and get 



Disc [ifD-l 



selfj 



Ai^Tif' ij) ■ q) J ElEldEidE2d{cosaqi)d{cosa2i) EqEi{l — cosuqi) 

X (1 - cos a2i) 5 [Ml - 2EiMk - 2E2Mk + 2EiE2{l - cos 021)] , 
2A{2TTf{p ■ q) / EIeI dEi dE2 d{cos 021) [EqEi{l - cos 021)] 



2E1E2 



Ml 



Mk_Mk 
2E1E2 El E2 



+ 1 — cos 021 



A {2^f{p -q) I El E2 dEi dE2 Eq E_ 



q -C/1 



Mk , Mk Ml 



+ 



El E2 2E1E2 



2tt^A {p ■ q) j dEi dE2 Eq Ei (2^1 A4 + 2^2 - M|) 



(C.66) 
(C.67) 



Similar to the tree-level 3-body phase space case, we see that after integrating over those 
delta functions in the above, the limits for Ei and E2 are fixed and are given by Ei and 
E2 are < < Mfc/2 and Mfc/2 - Ei < E2 < Mk/2. So we have 



Disc [Cf] = 27r2^ {p' -q) I dEi J dE2 Eq Ei (2^1 M,, + 2E2Mk - Ml) 

Jo J^-Ei 



Mm. 

2 



2tt^A {p' ■q)Eq I " dEi El Mk , 
JO 

Ml 



2^^A{p'-q)Eq ^ 



64 



167r3 Ml - Ml 



(C.68) 
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Hence, 



[^selfj - on_a 772 77^ iP -QJJ^q ■ 



327r3 M| - Ml 



(C.69) 



To deduce the relevant (imaginary part of the) kinematic factor that enters into the CP 
asymmetry formula p.85|) on pageEU we must integrate over the 3-body phase space and 
account for all the different decay channels. To this end, we need to evaluate 



selfj 



327r3 M| - M2 



ip' • q) E, 



2Mk (27r)32£;' (27r)32^" {2-Kf2Eq 



— p' — p" — q) , 



(C.70) 



where the factor of 4 in front accounts for the two possible decay channels and two possible 
internal states [ucp^B and e"(t)'^B). The procedure in computing this is almost identical 
to the tree-level case where we begin by rewriting the d?p" integral using (IC.SSP to get 



Im [4if] = m / {p' ■ q)E, 



1 



cfp' d?q 



Using 



2(27r)5Mfc 2E' 2Eg 



e{Mk - E' - Eg) 6 [{p - p' - qf] , 



ip'-q) d'P'^S[iM,-E'-E,f-\p' + q^^] 



^{2-KfMk E' 



(C.71) 



|p" + = |p ? + - 2|p-"|k1 cos(^ 
= E'^ + e1 + 2E'Ea cos e , 



(C.72) 



where 9 is the smaller angle between p ' and q, to obtain 

{E' Eg - \p '\\q\cos9) d^p'd^q 



selfj 



4B 



8(27r)5Mfc E' 

X 6 [M| - 2E'Mk - 2EgMk + 2E'Eg{l - cos 6)] , 



413 / Iprdlp'l Igl^dl^ 



Eq{l — COS t 



" 8(27r)5Mfc 
5 [Ml - 2E'Mk - 2EgMk + 2E'Eg{l - cos 6)] , 



AB I E'^dE' EldEg{A^){2^)d{cose)^^-^ 

Mk Mk 



X 5 



Ml 



2E'Eg E' 



Er, 



+ 1 — COS ( 
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4B I 2E'dE' E^dEg d{cos 6) ^,^ "I?,", 6 



16(27r)3A'4 



M? Mu Ml, 



-TT, 7^ hi — COS I 



2E'Eg E' Eg 



45 



2E'dE' E^dEg 
16(27r)3il/4 



E' Eg 2E'Eg 



(C.73) 



Inserting the limits for Eg and E' (see the analogous workings for the tree-level case), to 
obtain 



B 



selfj 



4(27r)3Mfc JO 
B 

4(27r)3A/4 



2 / 2 

dEr, 



k fp 
2 ^1 



dE' Eg {2E'Mk + 2EgMk - Mj 



k) ) 



Mm. 

2 



dEgE^Mk 



B Ml 



4(27r)3Mfc 64 ' 
Ml Mr,,Mk 



655367r6 - 

Ml 



M2 

with z = — ^ 
^1 



(C.74) 
(C.75) 



655367r^ 1 - z ' 

Thus, the CP asymmetry due to the self-energy interference term for Nj. decay is given by 



e 



6D 

self-fc,j 



2xrf ,^ 



'self! > 



5127r3 ,^ . M| ^ 

(A't A')fcfcM5 -^'^ "'"-^ ^'"^ ^■'^J 655367r6 1 - ^ 

" m^k n 



m=^k 

Ml 



1-z ' 



V647r2A2y' 2^(A2A'tA0fcfc 

8^A ' ^5D-self-fc,j 



^p-— Im A'*,.AV(A'U')fc^;„A' 



m^k 



1 - Z 



(C.76) 



where we have defined (c.f. Eq. (|4.84p ) 



5D-self-A:,j 



Ml 



27r{OOkk 



Im 



km 



l-z 



(C.77) 



with C = A'A. 



